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@ A combinatorial Hopf algebra on dissection diagrams

© Dissection polylogarithms

© Motivic dissection polylogarithms

@ The motivic coproduct of pairs of simplices
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A combinatorial Hopf algebra on dissection diagrams

@ A combinatorial Hopf algebra on dissection diagrams
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A combinatorial Hopf algebra on dissection diagrams

Overview

We will define a graded Hopf algebra over Q:

D:@Dn

n>0

which is
@ connected: Dg = Q
@ commutative

@ not cocommutative.
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A combinatorial Hopf algebra on dissection diagrams

Overview

We will define a graded Hopf algebra over Q:

D:@Dn

n>0
which is
@ connected: Dy = Q
@ commutative
@ not cocommutative.
D is the free commutative algebra on the set of dissection diagrams. J
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A combinatorial Hopf algebra on dissection diagrams

Dissection diagrams

Dissection diagram of degree n

We start with a polygon with n+ 1 vertices, with a special vertex called
the root.

v
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A combinatorial Hopf algebra on dissection diagrams

Dissection diagrams

Dissection diagram of degree n
We start with a polygon with n+ 1 vertices, with a special vertex called

the root.
We draw n chords between the vertices so that

@ the chords do not intersect each other.
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A combinatorial Hopf algebra on dissection diagrams

Dissection diagrams

Dissection diagram of degree n

We start with a polygon with n+ 1 vertices, with a special vertex called
the root.

We draw n chords between the vertices so that
@ the chords do not intersect each other.

@ the graph formed by the chords has no loop.

v
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A combinatorial Hopf algebra on dissection diagrams

Dissection diagrams

Dissection diagram of degree n

We start with a polygon with n+ 1 vertices, with a special vertex called
the root.
We draw n chords between the vertices so that

@ the chords do not intersect each other.

@ the graph formed by the chords has no loop.

Hence the chords form a rooted tree.

v
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A combinatorial Hopf algebra on dissection diagrams

Examples

D is the free commutative algebra on the set of dissection diagrams. It is
graded: D =@, -, Dh.
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A combinatorial Hopf algebra on dissection diagrams

Examples

D is the free commutative algebra on the set of dissection diagrams. It is
graded: D =@, -, Dh.

Dy=Q=Q

D1=Q
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A combinatorial Hopf algebra on dissection diagrams

Examples

D is the free commutative algebra on the set of dissection diagrams. It is
graded: D =@, -, Dh.

DOZQZQQ

1

o (D
1 1
1 2 1 2 1 2
SOIORS VT oEtiv;

Clément Dupont (IMJ) Dissection polylogarithms March 20, 2013 7 /30




A combinatorial Hopf algebra on dissection diagrams

The coproduct

Definition
The coproduct A : D — D ® D is defined, for D a dissection diagram, by

the formula
A(D)= Y S®(D/S)
scD
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A combinatorial Hopf algebra on dissection diagrams

The coproduct

Definition
The coproduct A : D — D ® D is defined, for D a dissection diagram, by

the formula
A(D)= Y S®(D/S)
scD

e A is graded, with components Ay i : D — Dy @ Dp_.
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A combinatorial Hopf algebra on dissection diagrams

The coproduct

Definition
The coproduct A : D — D ® D is defined, for D a dissection diagram, by

the formula
A(D)= Y S®(D/S)
scD

e A is graded, with components Ay i : D — Dy @ Dp_.

@ S = subset of the chords of the dissection.
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A combinatorial Hopf algebra on dissection diagrams

The coproduct

Definition
The coproduct A : D — D ® D is defined, for D a dissection diagram, by
the formula

A(D)= Y S®(D/S)

scD

e A is graded, with components Ay i : D — Dy @ Dp_.
@ S = subset of the chords of the dissection.

e D/S is obtained by contracting the chords from S ~~ product of
dissection diagrams.
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A combinatorial Hopf algebra on dissection diagrams

Examples
A(D)= ) S®(D/S)
scDh

3

2 4

A( > contains the term @ & @ @
1 5
forS = {1,4}.
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A combinatorial Hopf algebra on dissection diagrams

Examples
A(D)= ) S®(D/S)
scDh

3

2 4

A( > contains the term @ & @ @
1 5
forS = {1,4}.

(D)= (D) + (Do
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A combinatorial Hopf algebra on dissection diagrams

Examples
A(D)= ) S®(D/S)
scDh

3

2 4

A( > contains the term @ & @ @
1 5
forS = {1,4}.

A<@):1®@ +@®1
A(@):1®@ +2@®@ ) e
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A combinatorial Hopf algebra on dissection diagrams

A variant: dissection diagrams with decorations

We decorate the chords of the dissection with complex numbers a; € C
and the edges of the polygons with complex numbers b; € C. J
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A combinatorial Hopf algebra on dissection diagrams

A variant: dissection diagrams with decorations

We decorate the chords of the dissection with complex numbers a; € C
and the edges of the polygons with complex numbers b; € C. J

3
b>
2 / 4
dn a3
b1 < a4

1‘@%5

bp 9 bs

~
&
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A combinatorial Hopf algebra on dissection diagrams

A variant: dissection diagrams with decorations

We decorate the chords of the dissection with complex numbers a; € C
and the edges of the polygons with complex numbers b; € C. J

3
by
2 / 4
dn a3
b1 < a4

1‘@%’5

bp 9 bs

~
&

We get a graded Hopf algebra D€ with a forgetful morphism D9 — D. J
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Dissection polylogarithms

© Dissection polylogarithms
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Dissection polylogarithms

Overview

For each dissection diagram D we will define an integral

’(D)_/ADwD

seen as a multi-valued function of the decorations a; and b;.
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Dissection polylogarithms

Overview

For each dissection diagram D we will define an integral

’(D)_/ADWD

seen as a multi-valued function of the decorations a; and b;.

Example

1

brodt —b
(ol ) = [ = ()
X pp 1 a1 ap + bo
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Dissection polylogarithms

Generic decorations

Assumption on the decorations

We assume that the decorations a; and b; are generic: for every simple

cycle in the total graph of the dissection, the (oriented) sum of the
decorations is non zero.
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Dissection polylogarithms

Generic decorations

Assumption on the decorations

We assume that the decorations a; and b; are generic: for every simple

cycle in the total graph of the dissection, the (oriented) sum of the
decorations is non zero.

Example

1

by dt a;— by
Il b b —/ =lo ()
<O 1) b t— a1 g a1+ bo

Genericity assumption: a; + bg # 0, a1 — by # 0, by + by # 0.
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Generic decorations

Assumption on the decorations

We assume that the decorations a; and b; are generic: for every simple
cycle in the total graph of the dissection, the (oriented) sum of the
decorations is non zero.

Example
1
b gt ai — b
Il b by | = / =lo ()
<O 1) ,bot—al & a1 + by

Genericity assumption: a; + bg # 0, a1 — by # 0, by + by # 0.

This genericity assumption will ensure that all the integrals /(D) are
convergent.

y
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Dissection polylogarithms

The differential form wp

Definition
For a dissection diagram D of degree n, we set

df;

wp = dlog(f) A -+ A dlog(f,) = ?11 A
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Dissection polylogarithms

The differential form wp

Definition
For a dissection diagram D of degree n, we set
dfy dfy,
wp = dlog(f) A /\dlog(f)——l/\ N7

i .
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Dissection polylogarithms

The differential form wp

Definition
For a dissection diagram D of degree n, we set
dfy dfy,
wp = dlog(f) A /\dlog(f)——l/\ N7

i ] i
i =ti—tj—a fi=t —a;
O O
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Dissection polylogarithms

The differential form wp

Definition
For a dissection diagram D of degree n, we set
dfy df,
wp = dlog(f) A -+ A dlog(f,) = —1/\ N7
n
i ' i
fi=ti—tj—a fi=tj — aj
O O V.
We set L; = {f; = 0} C C" hyperplane, so that L =Ly U---U L, is the

divisor of the poles of wp.
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Dissection polylogarithms

The differential form wp

Definition
For a dissection diagram D of degree n, we set
dfy dfy,
wp :d|0g(f1)/\-'-/\d|og(fn): %/\.../\T
1 n

i ' i
O O

We set L; = {f; = 0} C C" hyperplane, so that L =Ly U---U L, is the
divisor of the poles of wp.

D 1 2 on — dt; A dty
B b (tl—al)(tz— t1 —32)

V.
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Dissection polylogarithms

The integration simplex Ap

Definition
For a dissection diagram D of degree n, we define
hyperplanes M; in C": b 3 b3

207 4
M0:{0:t1+b0}
Mj:{tjz J-+1—|—bj}forj:1,--~,n—1 b1< >b4
M,, = {t,, = bn} 1 5
Let Ap be any topological simplex inside C" \ L
such that ;Ap C M, for all j =0,1,--- ,n.
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Definition
For a dissection diagram D of degree n, we define
hyperplanes M; in C": b 3 b3

207 4
M0:{0:t1+b0}
Mj:{tjz J-+1—|—bj}forj:1,--~,n—1 bl( >b4
M, = {t, = bp} 1 5
Let Ap be any topological simplex inside C" \ L
such that ;Ap C M, for all j =0,1,--- ,n.

We set M = My U My U ---U M, C C" the (Zariski closure of the)
boundary of Ap. J
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Dissection polylogarithms

The integration simplex Ap

Definition
For a dissection diagram D of degree n, we define
hyperplanes M; in C": b 3 b3

207 4
M0:{0:t1+b0}
Mj:{tjz J-+1—|—bj}forj:1,--~,n—1 bl( >b4
M, = {t, = bp} 1 5
Let Ap be any topological simplex inside C" \ L
such that ;Ap C M, for all j =0,1,--- ,n.

We set M = My U My U ---U M, C C" the (Zariski closure of the)
boundary of Ap. J

The genericity assumption implies that L U M is a normal crossing divisor
inside C", so that Ap always exists.
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Dissection polylogarithms

Dissection polylogarithms

The dissection polylogarithm attached to a dissection diagram D is the

integral /(D) = wp seen as a multi-valued function of the decorations
Ap
a; and b;.
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Dissection polylogarithms

The dissection polylogarithm attached to a dissection diagram D is the

integral /(D) = wp seen as a multi-valued function of the decorations
Ap
a; and b;.

The special case of (generic) iterated integrals
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Dissection polylogarithms

Dissection polylogarithms

The dissection polylogarithm attached to a dissection diagram D is the

integral /(D) = wp seen as a multi-valued function of the decorations
Ap

a; and b;.

The special case of (generic) iterated integrals

Genericity condition: wu; # uj for i # j.
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Dissection polylogarithms

Dissection polylogarithms

The dissection polylogarithm attached to a dissection diagram D is the
integral /(D) =

wp seen as a multi-valued function of the decorations
Ap

a; and b;.

The special case of (generic) iterated integrals
Genericity condition: wu; # uj for i # j.

I(D) = I(uo;u1,---, Up;Uns1)

B / dty dt,
A(uo,upin) L= UL tn— Up

Clément Dupont (IMJ) Dissection polylogarithms

March 20, 2013 16 / 30



Dissection polylogarithms

Dissection polylogarithms

The dissection polylogarithm attached to a dissection diagram D is the
integral /(D) =

wp seen as a multi-valued function of the decorations
Ap

a; and b;.

The special case of (generic) iterated integrals
Genericity condition: wu; # uj for i # j.

I(D) = I(uo;u1,---, Up;Uns1)

B / dty dt,
A(uo,upin) L= UL tn— Up

Non-generic example

. dxdy
Li t—/ —— =-/(0;1,0; ¢
2(t) 0<x<y<t (1—x)y ( )

Clément Dupont (IMJ)
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Dissection polylogarithms

Reduction to iterated integrals

Theorem (D.)

For every dissection diagram D of degree n, the dissection polylogarithm
I(D) is a linear combination with Z-coefficients of (generic) iterated

integrals I(ug; uy, - -+ , Up; Upt1) where the uy's are linear combinations
with Z-coefficients of the decorations aj and b; of D.
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Dissection polylogarithms

Reduction to iterated integrals

Theorem (D.)

For every dissection diagram D of degree n, the dissection polylogarithm

I(D) is a linear combination with Z-coefficients of (generic) iterated

integrals I(ug; uy, - -+ , Up; Upt1) where the uy's are linear combinations

with Z-coefficients of the decorations aj and b; of D.

2
b b
Example ; ?
I(D) = I(—bo; a1 + a2 + by, a3 + by + bo; by + by + b3) — | 1 3
/(—bo — by, —by+ ax,a1 + az, a3+ by, bo + b3)
bo 2" b3
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Dissection polylogarithms

Reduction to iterated integrals

Theorem (D.)

For every dissection diagram D of degree n, the dissection polylogarithm

I(D) is a linear combination with Z-coefficients of (generic) iterated

integrals I(ug; uy, - -+ , Up; Upt1) where the uy's are linear combinations

with Z-coefficients of the decorations aj and b; of D.

2
b b
Example ; ?
I(D) = I(—bo; a1 + a2 + by, a3 + by + bo; by + by + b3) — | 1 3
/(—bo — by, —by+ ax,a1 + az, a3+ by, bo + b3)
bo 2" b3

@ One can describe an algorithm that reduces /(D) to iterated integrals.
But there is no canonical algorithm.
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Dissection polylogarithms

Reduction to iterated integrals

Theorem (D.)

For every dissection diagram D of degree n, the dissection polylogarithm

I(D) is a linear combination with Z-coefficients of (generic) iterated

integrals I(ug; uy, - -+ , Up; Upt1) where the uy's are linear combinations

with Z-coefficients of the decorations aj and b; of D.

2
b b
Example ; ?
I(D) = I(—bo; a1 + a2 + by, a3 + by + bo; by + by + b3) — | 1 3
/(—bo — by, —by+ ax,a1 + az, a3+ by, bo + b3)
bo 2" b3

@ One can describe an algorithm that reduces /(D) to iterated integrals.
But there is no canonical algorithm.

@ The number of iterated integrals that appear is between 1 and n!.
Dissection polylogarithms
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Motivic dissection polylogarithms

© Motivic dissection polylogarithms
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Motivic dissection polylogarithms

Overview

We will replace the dissection polylogarithms /(D) by motivic versions

I"(D) € H the motivic Hopf algebra
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Motivic dissection polylogarithms

Overview

We will replace the dissection polylogarithms /(D) by motivic versions

I"(D) € H the motivic Hopf algebra

The new feature is a coproduct A(I7(D)) =? J
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What is a motive?

@ a mixed Tate motive over a number field F
@ a mixed Hodge-Tate structure
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What is a motive?

@ a mixed Tate motive over a number field F
@ a mixed Hodge-Tate structure

The constructive point of view

The cohomology groups of some
algebraic varieties are motives.
Example:

H(C*) = Q(—1) the Tate motive.
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What is a motive?

@ a mixed Tate motive over a number field F

@ a mixed Hodge-Tate structure

o ...
The constructive point of view The tannakian point of view
The cohomology groups of some The category of motives is equivalent
algebraic varieties are motives. to the category of finite-dimensional
Example: representations of a certain group G

H(C*) = Q(—1) the Tate motive.  (the motivic Galois group).
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What is a motive?

@ a mixed Tate motive over a number field F

@ a mixed Hodge-Tate structure

o ...
The constructive point of view The tannakian point of view
The cohomology groups of some The category of motives is equivalent
algebraic varieties are motives. to the category of finite-dimensional
Example: representations of a certain group G

H(C*) = Q(—1) the Tate motive.  (the motivic Galois group).

Reconstructing the functions on G

If V is a representation of G, v € V, p € VV, then (V, v, ) is a function
on G:

g o(g.v)
Clément Dupont (IMJ) Dissection polylogarithms March 20, 2013 20 / 30




Motivic dissection polylogarithms

Motivic dissection polylogarithms
Reminder

For D a dissection diagram, /(D) = / wp.

A
L C C" the poles of wp, M C C” the bgundary of Ap.
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Motivic dissection polylogarithms
Reminder

For D a dissection diagram, /(D) = / wp.

A
L C C" the poles of wp, M C C” the bgundary of Ap.

o H:= H(C"\ LM\ MNL)
o gr¥H = H"(C"\ L) 3 [wp]
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Motivic dissection polylogarithms

Motivic dissection polylogarithms
Reminder

For D a dissection diagram, /(D) = / wp.

A
L C C" the poles of wp, M C C” the bgundary of Ap.

o H:= H(C"\ LM\ MNL)
o gr¥H = H"(C"\ L) 3 [wp]
o (grg’ H)" 22 Hy(C", M) 3 [Ap]
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Motivic dissection polylogarithms
Reminder

For D a dissection diagram, /(D) = / wp.

A
L C C" the poles of wp, M C C” the bgundary of Ap.

o H:=H"(C"\ L,M\ MNL)
o gr¥H = H"(C"\ L) 3 [wp]
° (gr(')/‘/H)v ~ H,(C", M) > [Ap]

Definition (motivic dissection polylogarithm)

I"(D) := (H, [wp],[Ap]) € H the algebra of functions on the motivic
Galois group G.

Clément Dupont (IMJ) Dissection polylogarithms March 20, 2013 21 /30



Motivic dissection polylogarithms
Reminder

For D a dissection diagram, /(D) = / wp.

A
L C C" the poles of wp, M C C” the bgundary of Ap.

o H:=H"(C"\ L,M\ MNL)
o gr¥H = H"(C"\ L) 3 [wp]
° (g;r(')/‘/H)v ~ H,(C", M) > [Ap]

Definition (motivic dissection polylogarithm)

I"(D) := (H, [wp],[Ap]) € H the algebra of functions on the motivic
Galois group G.

H= @’Hn If D has degree n then I*(D) € H,
n>0
Dissection polylogarithms March 20, 2013 21 /30



Motivic dissection polylogarithms

The main theorem

A(I'(D)) +— action of the motivic Galois group on /(D). J
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Motivic dissection polylogarithms

The main theorem

A(I'(D)) +— action of the motivic Galois group on /(D). J

Theorem (D.)

The coproduct of the motivic dissection polylogarithms is given by the

formula
A(I(D)) =" I"(S)® I™(D/S)
sch
In other words, the map

D 1, D I"(D)

is @ morphism of (graded) Hopf algebras.

Clément Dupont (IMJ) Dissection polylogarithms
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Motivic dissection polylogarithms

Special case 1: iterated integrals

Genericity condition: u; # uj for i # j.

dty dt,
I(uo; ut, -+, Up; Upy1) =
A(ug,upsr) T~ U1 th — Un
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Motivic dissection polylogarithms

Special case 1: iterated integrals

Genericity condition: u; # uj for i # j.

dty dt,
I(uo; ut, -+, Up; Upy1) =
A(ug,upsr) T~ U1 th — Un

Definition (Motivic iterated integrals)

IH(UO; ui, - ,Up; Un+1) € Hnp
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Motivic dissection polylogarithms

Special case 1: iterated integrals

Genericity condition: u; # uj for i # j.

dty dt,
I(uo; ut, -+, Up; Upy1) =
A(ug,upsr) T~ U1 th — Un

Definition (Motivic iterated integrals)

I7{(UO;U1,"' aUn;Un+1) € Hnp

Proposition (Goncharov, 2001)

A (ug; ur, -+, U Up1)) = >

0<k<n
0=sp<s1 <"+ <5 <Sk41=n+1

k
H . . H . .
/ (u01u517“' 7u5k1un+1)®Hl (usi’usi“rl?“' 7uS,'+1—11uS,-+1)

i=0
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Special case 2: path polylogarithms
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Motivic dissection polylogarithms

Special case 2: path polylogarithms

Definition (Path polylogarithms)

J(a1, -, an; b)
dty - - - dt,

a@p) (tt—a1)(t =t — a2) -+ (tn — to1 — an)
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Definition (Path polylogarithms)

J(a1, -, an; b)
dty - - - dt,

a@p) (tt—a1)(t =t — a2) -+ (tn — to1 — an)

v

Definition (Motivic path polylogarithms)
JH(ay, -+ ,an b) € Hp
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Motivic dissection polylogarithms

Special case 2: path polylogarithms

Definition (Path polylogarithms)
J(a1,--+ ,an; b)

dty - - - dt,

a@p) (tt—a1)(t =t — a2) -+ (tn — to1 — an)

v

Definition (Motivic path polylogarithms)
JH(ay, -+ ,an b) € Hp

Proposition

AUMar,amb) = Y SHa(S)ib) @ S4(a(S): b - as)

SC{]': 7”}

(as = ZSES 35)

v
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The motivic coproduct of pairs of simplices

@ The motivic coproduct of pairs of simplices
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The motivic coproduct of pairs of simplices

Reminder

D a (decorated) dissection diagram:
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The motivic coproduct of pairs of simplices

Reminder

D a (decorated) dissection diagram:
e L; = {fi=0} C C" hyperplanes~ wp = dlog(fi) A - - - A dlog(fp).
e M; C C" hyperplanes~ Ap simplex such that 9;Ap C M;.

W/(D):/ADMD

Motivic dissection polylogarithm:
e H:=H"(C"\L,M\MnL)
o grWH=HY(C'\ L) [wp]  ~ !™(D)=(H.[wp].[Ap]) € H
o (grg’H)" = Hn(C", M) > [Ap]
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The motivic coproduct of pairs of simplices
Reminder

D a (decorated) dissection diagram:
e L; = {fi=0} C C" hyperplanes~ wp = dlog(fi) A - - - A dlog(fp).
e M; C C" hyperplanes~ Ap simplex such that 9;Ap C M;.

W/(D):/ADMD

Motivic dissection polylogarithm:
e H:=H"(C"\L,M\MnL)
n(rn WIH(D):(H[(U][A ])GH
° gry,H = H"(C"\ L) > [wp] 1Dl 12D
o (grg’H)" = Hn(C", M) > [Ap]
Theorem

A(I(D)) = > I"(S)® I™(D/S)

sScDh
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The motivic coproduct of pairs of simplices

The general context

A. A. Beilinson, A. B. Goncharov, V. V. Schechtman, A. N. Varchenko -
Projective geometry and K-theory (1991).

Clément Dupont (IMJ) Dissection polylogarithms March 20, 2013 27 / 30



The motivic coproduct of pairs of simplices

The general context

A. A. Beilinson, A. B. Goncharov, V. V. Schechtman, A. N. Varchenko -
Projective geometry and K-theory (1991).

Pair of simplices
(L, M) = (Lo, -+ ,Lp; Mo,---,M,) C P"(C)
where the L;'s and the M;'s are hyperplanes.

Clément Dupont (IMJ) Dissection polylogarithms March 20, 2013 27 / 30



The motivic coproduct of pairs of simplices

The general context

A. A. Beilinson, A. B. Goncharov, V. V. Schechtman, A. N. Varchenko -
Projective geometry and K-theory (1991).

Pair of simplices
(L, M) = (Lo, -+ ,Lp; Mo,---,M,) C P"(C) M
where the L;'s and the M;'s are hyperplanes. L

A

Clément Dupont (IMJ) Dissection polylogarithms March 20, 2013 27 / 30



The motivic coproduct of pairs of simplices

The general context

A. A. Beilinson, A. B. Goncharov, V. V. Schechtman, A. N. Varchenko -
Projective geometry and K-theory (1991).

Pair of simplices
(L, M) = (Lo, -+ ,Lp; Mo,---,M,) C P"(C) M
where the L;'s and the M;'s are hyperplanes. L

A

o Li={fi=0} ~ w, =dlog(fi) A---Adlog(f,)
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The motivic coproduct of pairs of simplices

The general context

A. A. Beilinson, A. B. Goncharov, V. V. Schechtman, A. N. Varchenko -
Projective geometry and K-theory (1991).

Pair of simplices
(L, M) = (Lo, -+ ,Lp; Mo,---,M,) C P"(C) M
where the L;'s and the M;'s are hyperplanes. L

A

o Li = {f; = 0} ~w; = diog(f) A--- A dlog(f)
@ M~ Ay simplex such that ;A C M;

wl(L;I\/I):/AMwL
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The motivic coproduct of pairs of simplices

The motivic versions

o H(L; M) := H"(P"(C)\ L, M\ ML)
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The motivic coproduct of pairs of simplices

The motivic versions

o H(L; M)

— HP(PP(C)\ LM\ ML)
o grVH(L; M) =

HP(P"(C)\ L) > [wi]
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The motivic versions
o H(L; M) := H"(P"(C)\ L, M\ ML)
o grynH(L; M) = H"(P"(C)\ L) 5 [wi]
o (grg" H(L; M))Y = H,(P™(C), M) 3 [Aw]
~s IR(L; M) = (H(L; M), [wi], [Am]) € H (" naive guess”)

The elements /7(L; M) should generate a sub-Hopf algebra of .
Open problem

Prove that it is the case by giving a closed formula for A(/7(L; M)).
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The motivic versions
o H(L; M) := H"(P"(C)\ L, M\ ML)
o grynH(L; M) = H"(P"(C)\ L) 5 [wi]
o (grg" H(L; M))Y = H,(P™(C), M) 3 [Aw]
~s IR(L; M) = (H(L; M), [wi], [Am]) € H (" naive guess”)

The elements /7(L; M) should generate a sub-Hopf algebra of .
Open problem

Prove that it is the case by giving a closed formula for A(/7(L; M)).

What is known?
@ The low-dimensional cases: n < 3.
@ The generic case: (L; M) in general position in P"(C).
@ The iterated integrals.
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The motivic coproduct of pairs of simplices

Computing the motivic coproduct for pairs of simplices

The abstract formula for the coproduct

G a group, functions on G: (V,v,p)(g) = ¢(g.v).
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The abstract formula for the coproduct
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The motivic coproduct of pairs of simplices

Computing the motivic coproduct for pairs of simplices

The abstract formula for the coproduct

G a group, functions on G: (V,v,p)(g) = ¢(g.v).

(Vv v, tp)(gg/) = Z(vv b;, ‘P)(g)(va v, blv)(g,)

]

where (b;) is a basis of V and (b}) the dual basis.
Translated into Hopf algebras:

A(V, V,QO) = Z(V’ biy‘P) ® (Vv v, blv)

1

Computing A(/*(L; M)) «— finding functorial bases for gry¥ H(L; M).

)
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The motivic coproduct of pairs of simplices

A relative Brieskorn-Orlik-Solomon theorem

Theorem (Brieskorn-Orlik-Solomon)

Let L=LyU---ULp be a union of linear hyperplanes in C". Then we
have an isomorphism of graded algebras

H*(C"\ L) =2 A*(e1, - ,en)/R
where R is generated by the relations:

S (Ve A A B A Al =0

if Ls,,---, Ls, are linearly dependent.
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A relative Brieskorn-Orlik-Solomon theorem

Theorem (Brieskorn-Orlik-Solomon)

Let L=LyU---ULp be a union of linear hyperplanes in C". Then we
have an isomorphism of graded algebras

H*(C"\ L) =2 A*(e1, - ,en)/R
where R is generated by the relations:
S (—1)eg A---AegA---Nes, =0

if Ls,,---, Ls, are linearly dependent.

Theorem (D.)

For k =0,--- ,n we have an explicit functorial presentation

gré/an(]P)n(C) \ L7 M\ MnN L) = /\k(607 Ty en) ® An_k(fba Ty fn)/R/ )
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