DEFORMATIONS OF EQUIVELAR STANLEY-REISNER
ABELIAN SURFACES

JAN ARTHUR CHRISTOPHERSEN

ABSTRACT. The versal deformation of Stanley-Reisner schemes associ-
ated to equivelar triangulations of the torus is studied. The deformation
space is defined by binomials and there is a toric smoothing component
which I describe in terms of cones and lattices. Connections to mod-
uli of abelian surfaces are considered. The case of the Mobius torus is
especially nice and leads to a projective Calabi-Yau 3-fold with Euler
number 6.

INTRODUCTION

Interesting versal deformation spaces in algebraic geometry are few and
far between. They tend to be either smooth, i.e. the object to deform is
unobstructed, or much too complicated to compute. In general the equations
defining formal versal base spaces are not polynomials.

The purpose of this paper is to present an exception to the rule. In
[AC09] we showed that triangulated surface manifolds with regular edge
graph of degree 6, give Stanley-Reisner schemes with nicely presented formal
versal deformations spaces defined by polynomials, in fact binomials. Such
a surface is either a torus or a Klein bottle.

In this paper, the torus case is studied. Triangulations of (or more gen-
erally maps on) surfaces with regular edge graph are called equivelar. In
the torus case they were only recently classified and counted by Brehm and
Kiihnel in [BKO08]. The Stanley-Reisner schemes of such tori are all smooth-
able and they smooth to abelian surfaces.

To avoid non-algebraic abelian surfaces I will work with the functor
Def (x,z) where X is a scheme and L is an invertible sheaf. Since a pro-
jective Stanley-Reisner scheme X comes equipped with a very ample line
bundle I define Def% = Def(x 0, (1)) and it is the versal formal element of
this functor I consider.

Let T be an equivelar triangulated torus and X the Stanley-Reisner
scheme. Since the equations defining Def$% are binomial, we may use the
results and techniques of Eisenbud and Sturmfels in [ES96] to realize the
smoothing components as toric varieties. The main computational part,
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Section 4, is about the cones and lattices that determine these toric va-
rieties (or their normalizations). I then apply these results to statements
about the deformations of X in Section 5.

There should be a connection between the results in this paper and mod-
uli of polarized abelian surfaces. In Section 6 I describe a Heisenberg group
Hyp associated to T'. There turns out to be a smooth 3 dimensional sub-
space M C Def% containing all isomorphism classes of smoothings of X.
Moreover, the fibers are exactly the Hp invariant deformations of X. There
is a finite group acting on M inducing isomorphisms on the fibers and the
quotient space M can be easily described in toric geometric terms.

To understand the connection to moduli one should extend the results in
this paper to the non-polyhedral equivelar maps on the torus. These should
correspond to moduli where the polarization class is not represented by a
very ample line bundle. This is at the moment work in progress.

In principle one can write equations for abelian surfaces in P*~! as per-
turbations of the Stanley Reisner ideal of T'. T include some details about
this ideal in Section 3. An application can be found in Section 7.

The last section deals in detail with the vertex minimal triangulation of
the torus, sometimes called the Mobius torus, with 7 vertices. Here the toric
geometry of Def% is extremely nice and leads to a Calabi-Yau 3-fold with
Euler number 6. In this case it is also possible to find all the components of
Def% and the generic non-smoothable fibers.

It is convenient to work over the ground field C. Throughout this paper
G* := Homyz(G,C*) is the character group of G.

Acknowledgments. 1 am grateful to Klaus Altmann, Kristian Ranestad, Ben-
jamin Nill, Maxmillian Kreuzer, Christian Hasse and Frank Lutz for helpful
discussions and answering questions. Much of this work was done dur-
ing a years visit at the Johannes Gutenberg-Universitdt Mainz. The stay
was funded by the Sonderforschungsbereich/Transregio 45: Periods, Moduli
Spaces and Arithmetic of Algebraic Varieties.

1. PRELIMINARIES

1.1. Equivelar triangulations of the torus. I start by defining the main
combinatorial object in this paper. For details and proofs see [BK08]. A
map on a surface is called equivelar if there are numbers p and ¢ such that
every vertex is g-valent and every facet contains exactly p vertices. On a
torus we can only have (p,q) equal (6,3), (3,6) or (4,4).

We will consider triangulated tori, i.e. the case p = 3, ¢ = 6. In this paper
we need honest triangulations and assume the map is polyhedral. This means
that the intersection of two triangles is a common face (i.e. empty, vertex
or edge).

Every triangulated torus (also the non-polyhedral) are obtained as a quo-
tient of the regular tessellation of the plane by equilateral triangles ([Neg83]).
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Denote this tessellation {3,6}. We will need to make this explicit and will
refer to the following as the standard description.

We may describe {3,6} as an explicit triangulation of R?, i.e. we always
assume a chosen origin 0 and coordinates (z,y). We may assume the vertices
of {3,6} form the rank 2 lattice spanned by (1,0) and 3(1,v/3). Denote this
lattice by T. We may think of T as the translation subgroup of Aut({3,6}).
Now let I' C T be a sublattice of finite index and set 7" = {3,6}/I". Then
T is a (not necessarily polyhedral) equivelar triangulated torus. Such a
triangulation is called chiral if the Zg rotation on {3,6} descends to T.
Chiral maps on the torus were studied and classified in [Cox49].

We may assume that I' is generated by a(1,0) and b(1,0) + c1(1,/3) for
integers a, b, ¢ with ac # 0, i.e. it is the image of

6o

in the above basis for T. In [BKO0S8, Proposition 2] it is shown that two such
matrices, My and Ms, represent isomorphic triangulated tori if and only if
My = PM1Q, with @Q € GL2(Z) and P in the Dg subgroup generated by
the rotation p and reflection o,

=0 3) ()

1.2. Deformations of Stanley-Reisner schemes. I refer to [AC09] and
the references there for definitions, details and proofs about deformations of
Stanley-Reisner schemes. As a general reference for deformation theory see
[Ser06].

Given a simplicial complex K C 2" we may construct the corresponding
Stanley-Reisner C-algebra Ax and the projective Stanley-Reisner scheme
P(K) = Proj Ax € P"~ 1. Note that P(K) comes with a very ample line
bundle Op(x(1).

The scheme P(K) looks like the geometric realization of K. It is a union
of irreducible components Xp = PU™F 4 facet of K, intersecting as in
K. There is also a natural open affine cover described in terms of Stanley-
Reisner rings. Recall that the link of a face is

k(f,K)={geK:gnf=0and gU f € K}.

If f € 2" let D, (z;) C P(K) be the chart corresponding to homogeneous
localization of Ax by the powers of x¢. Then D (z) is empty unless f € K
and if f € IC then

D (as) = A(k(f,K)) x (C)™S

where k(f,K) :={g e K:gnf=0and gU f € K} is the link of f in K
and A(—) denotes the Spec of the corresponding Stanley-Reisner ring.

The cohomology of the structure sheaf is given by HP(P(K), Op(x) =~
HP(K;C) (Hochster). If K is an orientable combinatorial manifold then the
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canonical sheaf is trivial ([BE91a, Theorem 6.1]). Thus a smoothing of such
a P(K) would yield smooth schemes with trivial canonical bundle.

In the surface case deformations of Stanley-Reisner schemes may include
non-algebraic schemes. It is therefore convenient to work with the functor
Def x 1) where X is a scheme and L is an invertible sheaf. (See [Ser06,
3.3.3] and [AC09, 3].) We defined Defp o) = Def(p(c) 05, (1)) 1f K is a
combinatorial manifold without boundary then

Defg y (Cle]) ~ H(P(K), Tg(ic)) = Thy o

and HY(P(K), ’ZEF.?(,C)) contains all obstructions for Defp ) ([AC09, Theorem
6.1]). For certain surfaces the versal base space for Defp ) may be computed
and as we shall see this is particularly nice for equivelar triangulated tori.

It follows from the results in [AC09] that if K is a combinatorial manifold
without boundary and all vertices have valency greater than or equal 5, then
T}‘,OO is the C vector space on the edges of K. Since K is a manifold, the link
of an edge must be two vertices, i.e. Ik({p,q}) = {{i}, {j}}. f opq € T,}l,c,o
is the basis element corresponding to {p, ¢} and z,, is in the Stanley-Reisner
ideal, then

ImTpTq if {i,5} Cm

Pp.q(Tm) = { it

0 otherwise.

There is a natural (n — 1)-dimensional torus action on Proj(Ax) where
[A0s -« s Ap—1] € (C*)"/C* takes z; € A to \jz;. Note that the induced
action on a ¢p 4 € T}"C’O as above is

A
Pp.g = )\i/\:‘Ppﬁq-

If ¢, 4 is the corresponding coordinate function on the versal base space then
the action is the contragredient, i.e. t, 4 = (AiXj/ApAg)tpq-

1.3. Binomial ideals. In [ES96] Eisenbud and Sturmfels prove, among
other things, that every binomial ideal has a primary decomposition all of
whose primary components are binomial. I review here some of the results
and notions from that paper. (See also [DMMO08]).

If w= (ay,...,a,) € Z%,, write t* = [[¢]* for a monomial in P =
E[t1,...,ta], k for the time being is any algebraically closed field. A binomial
is a polynomial with at most two terms, at’ — bt" with a,b € k. A binomial
ideal is an ideal of P generated by binomials.

For an integer vector v, let vy and v_, both with non-negative coordinates,
be the positive and negative part of v, i.e. v = v4 —v_. In general define,
for a sublattice L C Z™ the lattice ideal of L by

I = <tv+ — ¥ :U€L> - k[t1,...,tn].
More generally for any character p € Homy (L, k*), define
Ip,= (" —p(v)t'-:vel).
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If p’ is an extension of p to Z™, then the automorphism ¢; — p’(g;)t; induces
an isomorphism Iy, ~ Iy, ,.
Define the saturation of L in Z" as the lattice

Sat L ={v € Z" : dv € L for some d € Z} .

Note Sat L/L is finite. The lattice L is saturated in Z™ if Sat L = L. The
lattice ideal is a prime ideal if and only if L is saturated ([ES96, Theorem
2.1]). In fact [ES96, Corollary 2.3] states that

IL = ﬂ ISatL,p
pE(Sat L/L)*

is a minimal primary decomposition.

Let I be a binomial ideal. Let Z C {1,...,n} andlet pz = (¢; : i ¢ Z) and
77 C 7™ the sublattice spanned by the standard basis elements e;,i € Z.
The result we need from [ES96] is the following. (It is not stated in the
following form in that paper and in fact much stronger results are proven
there.)

Theorem 1.1. If characteristic k is 0, the associated primes of the binomial
ideal I are all of the form Isar, , + Pz for some sublattice Lz C 72,

For simplicity let us assume [ is generated by pure binomials of the form
tY — t*. Define the exponent vector of t¥ —t¥ to be v —w € Z™. Let
L C Z™ be the sublattice spanned by the exponent vectors of the generators
of I. It follows from the above and [ES96, Theorem 6.1] that the I, 1., will
be minimal prime ideals for I. It follows from the theorem that all other
associated primes must contain some variable t;.

1.4. Gorenstein, reflexive and Cayley cones. I recall some notions orig-
inally introduced in [BB97] in connection with mirror symmetry. A general
reference is [BNO8]. By cone we will mean a rational finite polyhedral cone.
If M ~ 7" then set as usual N = Hom(M,Z). A cone 0 C Mp = M ® R
is called Gorenstein if there exits n, € N with (v,n,) = 1 for all primitive
generators v € M of rays of o. This means that the affine toric variety X,
is Gorenstein.

The cone o is called reflezive if the dual cone ¢V is also Gorenstein. Let
myv € M be the determining lattice point. The number r = (m,v,n,) is
the index of the reflexive cone o.

A polytope in Mr = M ®R is called a lattice polytope if its set of vertices
isin M. Let Aq,...,A, C Lg be lattice polytopes in a rank d lattice L. Let
M =L®Z", where {e1,...,¢e} is the standard basis for Z". The cone

o={(\,.. Az +- -+ Nay) € Mp: N\ € R,z € Ajyi=1,...,r}

is called the Cayley cone associated to Ay, ..., A,. It is a Gorenstein cone
with n, = €] +--- + €. A reflexive Gorenstein cone of index r is completely
split if it is the Cayley cone associated to r lattice polytopes.
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1.5. Heisenberg groups. Heisenberg groups are an important ingredient
in the construction of moduli spaces for polarized abelian varieties. The fol-
lowing construction is based on [Mum66]. Since we are dealing with surfaces
I describe only the 2 dimensional case.

Let 6 = (di,d2) be a list of elementary divisors, i.e. d; are positive
integers and di|d2. Set K(0) = Zg4, ® Zg, with character group K (0)* =
fdy X ftdy- (Here pig = 77 are the d’th roots of unity.) Define the abstract
finite Heisenberg group Hy as the extension

11— pg, > Hs > KO)@K(@6)"—0
where multiplication in pg, ® K () @ K(0)* is defined by
(w,m,0) (W7 o)=(w- - (1), 7+7,0-0).

If n = did2 = |K(9)| then Hs has a unique n-dimensional irreducible rep-
resentation V(9) in which the center p4, C C* acts by its natural character
([Mum66, Proposition 3]). One may realize V' (4) as the vector space of C
valued functions f on K (9). Then the action is defined by

(w,r0)- H)) =w-o(r) - f(r+7).

The representation V(0) is known as the Schrddinger representation of the
Heisenberg group.

2. OVERVIEW

Let T be an equivelar triangulation of the torus with n vertices and X C
P"~! the projective Stanley-Reisner scheme associated to 7. Let I' be the
sublattice of T defining T; i.e. T'={3,6}/T and G = T/T.

There are three for us important elements of T and I will call them and
their images in G the principal translations. In the standard description (see
Section 1.1) they are

n=(L0) n=5(-1VE) m=5(-1,-V3).

There is the relation 7 + 7 + 73 = 0. In T and therefore also in GG, any pair
of them generate the group.

The following proposition is our central observation and allows us a natu-
ral identification of the elements of G and vert T, a fact we will use through-
out.

Proposition 2.1. The edge graph of T is the Cayley graph of G with respect
to the principal translations. In particular the action of G on vert T is simply
transitive and the set of edges of T is partitioned by the three G orbits of
cardinality n:

{{p,7(p)} : p € vert T}
fork=1,2,3.

Proof. The edge graph of {3, 6} is clearly the Cayley graph of T with respect
to the principal translations. ([l
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An edge in T is of type k if it is of the form {p, 7x(p)}. This is the natural
coloring of the Cayley graph. The link of p in T" will be the cycle

(11(p), =73(p), 72(P), —71(P), T3(P), —72(P)) -
This shows that 7; # £7;, for otherwise 7" would not be polyhedral.

Notation. When describing the interaction between the principal transla-
tions it will be useful to have the following convention for the indices. If k is
an element in {1, 2,3} then I will use the indices i, j to represent the remain-
ing two elements of {1,2,3}\ {k}. I will refer to this as the ijk-convention.

Recall from Section 1.2 that the tangent space of Def% has basis ¢y, 4,
{p,q} € T. In our new notation the corresponding perturbation is

TmTpk, .
{xpk“’) it {=7i(p), —(p)} S m

©p, (-Tm) — —7;(0) =75 (p)
P7k(P) 0 otherwise.
Let t, 4 be the dual basis of coordinate functions on C3n.

For each p € vertT construct the matrix

(2.1) [ thrie) o) )

tp—n(p) tp—m2(p) lp—7s(p)
and take the 2 x 2 minors. This yields 3n quadratic binomials. Let I to be
the ideal generated by them.

Theorem 2.2 ([AC09] Theorem 6.10). The ideal I defines a versal base
space in (C3",0) for Def%.

I wish to employ the results on binomial ideals reviewed in Section 1.3.
Let L C Z3" be the sublattice spanned by the exponent vectors of the
generators of I. Index the standard basis of Z3", E€p,q, Dy the edges of T.
The lattice L is spanned by the 3n vectors

f3p = €prip) + Ep—ma(p) ~ Epma(p) ~ Ep—mi(p)
(2.2) fop = €pmp) t Ep—mi(p) — Epmi(p) ~ Ep—ma(p)
fip = €pra(p) + €p,—ra(p) = Epra(p) ~ Ep—a(p) -

There are relations f1p + f2p + f3, = 0 for each p and > o7 fep =0
for each k. One checks that indeed these are the generating relations and
therefore rank L = 2(n — 1).

The Isat 1, for p € (Sat L/L)* will be minimal prime ideals for I. This
means that each p € (Sat L/L)* determines a component of the versal base
space. I denote these by S, and call them the main components of Def.

Set S to be the component for the trivial p, that is S is defined by the
toric lattice ideal of Sat L. In the recent literature it is become normal to
include non-normal varieties in the term toric varieties. 1 will also do this,
thus S is the germ of an affine toric variety. It is in general not normal.
Since rank Sat L = 2(n — 1), dim S = n + 2.
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There are isomorphisms p’ : S ~ S,. By their construction, the p’ are
automorphisms of the polynomial ring restricting to the identity on I, and
therefore also on /. Thus S ~ S, comes from an automorphism of Def%.
This implies that the families over the two components are also isomorphic.
So from the point of view of deformations it is enough to study S.

As a toric variety the normalization of S, call it S, may be described by
a rank n + 2 lattice M and a cone 0¥V C My. To find M and ¢V we need
to find an integral m x 3n matrix A (for some m) such that ker A = Sat L.
Then set M = im A and set ¢" to be the positive hull of the columns of A in
Mpg. (See e.g. [PT10].) Note it is enough to find A with rank A = n+2 and
L C ker A, since then rank L = rank ker A and ker A is obviously saturated,
so ker A = Sat L. Let S be the subsemigroup of ZZ|, generated by the
columns of A, thus S = SpecC[S] and S = C[o¥ N M].

There are two obvious torus actions on Def% and the weights of these
actions will give us A. First consider the natural action described in Sec-
tion 1.2 induced by automorphisms of X. Let wp, € {(ao,...,an—1) € Z" :
>.a; = 0} be the weights of this torus action on the basis ¢,,. With the
1jk-convention

Wpri(p) = & T Cr(p) — C=mi(p) ~ C=75(p)
for p e vertT, k = 1,2, 3, where e, are the standard basis for Z".
The coloring of the Cayley graph and the structure of I give us another
torus action, not seen on X. Clearly the minors of

Miprip)  Alpmp)  Aslpr(p)

AMtp—ri(p) A2tp—ma(p) A3tp,—rs(p)
also generate I. Thus the C*3 action, (A1, A2, \3) - ¢
serves I.

This leads to the following definition. Write the standard basis for Z3®Z"
as €1, €2, €3 and ey, p € vert T'. Let A be the (n+3) x 3n matrix with columns

)y = )\kt pre-

P,7% (P P,7k (D)

(23) Aprp) = €k T eptenp) — () ~ E-ry(p)
for p e vert T, k =1,2,3. Clearly L C ker A.

For each p € vertT, the corresponding row in A has a nice description.
In columns indexed by the 6 edges having p as vertex, there is a +1. In the
6 columns corresponding to edges in lk(p) we have —1. The other entries
are (0. Using this one checks that rank A = n + 2.

Let M = im A and set M’ to be the lattice Z* & {(ag,...,an_1) € Z" :
> a; = 0}, the target of A. For any lattice M let T = M* be the corre-
sponding torus. Consider the finite character group (M’/M)*. By standard
toric variety theory, see e.g. [Ful93, 2.2], Ty = Ty /(M'/M)* and

Spec C[M N "] = Spec C[M' N Uv](M//M)* .
Thus the normalizations of the main components will all be isomorphic to

S = (Spec C[M N oV],0) = (Spec C[M’' N ov](M//M)*,O).
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Our goal is to describe these combinatorial objects to get an as explicit as
possible description of the main components.

3. THE STANLEY-REISNER IDEAL OF T

The f-vector of T' is (n,3n,2n), so one may compute the Hilbert polyno-
mial of Ar, following [Sta96], as

hay(2) = n(z 0 1> +3n<z | 1> +2n<z N 1) = n2?.

This agrees with the Hilbert function except in degree 0. In particular one
computes that

n—+1

dimfg = < 9

1
—4dn=-nn-"17).
)~ an=gntn=1)
The minimum number of cubic generators on the other hand will depend
upon the combinatorics of T
To compute the number of cubic generators consider first for every edge
{p, ¢} the number

lpq = |vert(k({p}, T) N1k({q},T)) \ vert Ik({p, ¢}, T)|

which can be 0, 1, 2 or 3. By symmetry [, , will depend only on the type of
{p,q}, so let I, k = 1,2,3, be this common value.

Lemma 3.1. The minimum number of cubic generators of I is %n(ll +

log + lg)

Proof. A cubic monomial generator in Iy corresponds to a set {p,q,r} of
vertices which is a non-face, but for which every subset is an edge. This

means exactly that {p,q} € T and {r} € Ik({p}) N1k({q})) \ Ik({p,¢}). In
the sum Z{p,q}eT lp.q we have counted a given such {p,q,r} 3 times. O

The following lemma follows from a simple check. Note that it is not valid
for non-polyhedral T.

Lemma 3.2. With the ijk-convention, li is non-zero if and only if T, = 27;
or 7, = 275 or 31, = 0.

Proposition 3.3. The ideal I7 is generated by quadratic and cubic mono-
mials. The minimum number of quadratic generators is %n(n -17).

Up to isomorphism, the T which need cubic generators for It have one of
the following standard presentations:

60626068
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If T is presented by (8 ?) , then the minimum
21 ifn="7
#cubic generators = { 16 ifn=238
n ifn>9.

In the three other cases the minimum

9 ifn=9
#cubic generators = q | z.fn
3N if n > 10.

Proof. The only Stanley-Reisner ideal of a 2-dimensional combinatorial man-
ifold that needs quartic generators is the boundary of the tetrahedron.

By Lemma 3.1 and Lemma 3.2 there will no cubic generators unless some
T = 27; or some 37; = 0. In the first case, after a Dg movement (see
Section 1.1) we may assume 73 = 27;. In the standard presentation this
means that (2,1) € I'. One checks using e.g. [BKO08, Proposition 3] that,
for each n, there is only one isomorphism class with this property and that
it is represented by the first matrix in the list. In the second case we may
assume 371 = 0 and again check possibilities.

To get the number just count the I in each case and use Lemma 3.1. [J

4. ANALYSIS

4.1. The group G and its principal translations. Before proceeding
with our analysis of the components I state some facts about G = T/I" and
the 7. The proof of the first lemma is an exercise in elementary abelian
group theory.

Lemma 4.1. There are the following relationships involving the principal
translations.

(i) The quotient group G /(1) is cyclic and the classes of 7; and T;
are both generators. In particular |1;||7;|/n is an integer for all i # j
in {1,2,3}.

(ii) Let [g]i C G be the coset of (1;) containing g. For any g,h € G,

 Inlin

gl 0 (A1 =

(iii) The number

ged (n n) __n
7l "7l ) lem (|7l [ 751)
is the same for all i # j.

I will vary between two presentations of G. First there is the standard
presentation which is the presentation in Section 1.1. Here G is a quotient
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of T ~ Z? with basis 7, —73 by the image of

a b
0 ¢/
Then we may take the symmetric presentation where we think of G as

the quotient of Z3 with basis 71, 72, 73 by the image of a matrix

1 a1 a9
R == 1 011’2 052,2
1 o3 a9g3

Of course the standard presentation is the symmetric with

1 a b
R=11 0 0
1 0 —¢

Proposition 4.2. With the symmetric presentation and the 1jk-convention
the orders of the principal translations are
n

ged(an,; — aij, a0 — g )

71| =

Proof. The determinant of R is n. Computing it three different ways one
sees that ged(a1; — anj, a2 — g j)|n for all i # j. Now |74| is the least
positive m with mey, € im R. Using Cramers rule, this is the least positive m
with m(a1;—0aq ;) = m(ag;—asz;) =0 mod n. The result now follows. [

Here is the the abstract structure of G.

d = ged ()
7l 751

fori # j, then the elementary divisors on G are (d,n/d). In particular
G~ Zd X Z%
and G is cyclic if and only if d = 1.

Proposition 4.3. If

Proof. These invariants may be computed from the standard presentation.
We have n = ab, n/|mi| = ¢, n/|m| = ged(a,b + ¢) and n/|m3| = ged(a, b)
(see Proposition 4.2). Thus the d in the statement equals ged(a, b, c) as it
should. O

4.2. Sat L and the number of main components. Let B be the 3n X
3n matrix with columns the exponent vectors (2.2) of I. As explained in
Section 2, Sat L = ker A. Thus there is a commutative diagram

0 —— L —— 7 — CokerB —— 0

| - !

0—>SatL—>Z3"L> M — 0
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and the Snake Lemma yields an exact sequence

0 — Sat L/L — Coker B A M —o0.
Let d be as in Proposition 4.3.

Proposition 4.4. There is an isomorphism Coker B ~ F' ® Zg4 where F' is
free of rank n+ 2. In particular

SatL/L ~ 7.

Proof. We see from the fj,,, described in (2.2) that (Coker B)" is the set of
(A1, A2, Ag) € C*™ x C** x C*" satisfying

)\l,p _ A2,p _ )\3,p
Mnp)  M2m@) 3w

(4.1) for all p € vertT.

Let 7 : (Coker B)* — C*" be the projection on the third factor. Clearly
ker m equals

{()\1, )\2) : Al,p = )\177_1(13), )\Q’Z; = )\2,7_2(2,), Vp € vert T} = (C*)m X ((C*)H .

To prove the statement I will now show that im 7 ~ (C*)n+2_ﬁ_|%‘ X (Zq)™.
Let A3 € im7. Choose some p and let O, be the 71 orbit of p. From (4.1)
we get

Asg Mg,

A3 7 A
,m3(q 1,m1(q
geor 3@ geor Mmi(0)

On the other hand, given A3 satisfying this relation, choose an arbitrary
value for A1, and set

A (ry k) ()
Maont) =M [[ 770
k=0 3,k71(p)

to solve (4.1). The same is of course true for 7 orbits.
Thus im 7 is the set of A € C*" with

Ap

(4.2) =1 for all 7; and 7 orbits O.

peO 73(p)

If P; are the orbit partitions of vertT' by 7;, then 73 acts transitively on P
and P2 (Lemma 4.1). Thus condition (4.2) translates to

[T 2 = ] 2 forall 0,0" € Py and all 0,0’ € Ps.

peO qe0’
For O € P; let this common value be p; = Hpeo Ap, @ = 1,2. There is a
homomorphism ¢ : im7 — C*2, X+ (uy, u2). Clearly ker ¢ is the set of

A € C*" with HpeO Ap =1for all O € Py and all O € Ps.
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Let Rg be the free abelian group on the elements of G with the regular
G action. Set R(: to be the invariant sublattice under the action of (7;). We
may realize ker ¢ as the kernel of the projection R, — (R7 + R )*. Now

rank(R(} + Rj3) = rank R} 4+ rank Rj; — rank(R( N R3)
n n

S
71| |72l

by Lemma 4.1. Thus ker ¢ ~ ((C"‘)nJrl Trl |r2|,
There is one relation between the p; namely

H >\p — Iul\fl\ \72\ )

pevert T

But d = ged (n/|m1|,n/|72|) so im ¢ ~ C* x (Z4)*. Adding this up gives the
result. g

In terms of the structure of Def% one has

Corollary 4.5. If d is the first elementary divisor of G then the number of
main components in Def% is d.

4.3. The group (M'/M)*. T will compute (M’/M)*. This is of interest in
itself, but will also be important for out study of S in Section 6.

From the weight matrix A (2.3) we see that (M’/M)* c C*3 x (C*"/C*)
is defined by

)\p)\'rk (p) =1

(4.3) e
Az (») A*Tj (»)

where (p1, pio, u3) € C*3 and A € C*"/C* has coordinates indexed by vert T
I will first solve these equations for 7, € T and p € vert{3,6} and then
see what happens in the quotient. For this purpose we need the following
quadratic parabolic function.

Definition 4.6. Define ¢ : Z?> — Z by

dy) = 5 +9? ~2my —w—y) = (&~ 9)* ~ (e + 1)

2
Lemma 4.7. For q there are the equalities

alma, my) = ma(e, ) + Smlm = 1) (z — y)?

and
q(z + 2,y +w) =q(z,y) +q(z,w) + (@ - y)(z —w).
Lemma 4.8. Choose an origin 0 in vert{3,6} and Ao, A\, € C*, k =
1,2, 3 satisfying
A1 Ao A3
1 pafes

(4.4) 2\ =
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After these choices, a solution for (4.3) with 1, € T and p € vert{3,6} is
unique and given for p = at1(0) + B72(0) + v13(0) by

(15) Ay = AN 0.

Proof. We first check that the (4.5) is well defined. Assume p = a7((0) +
B12(0) + v73(0) = a11(0) + b72(0) + ¢73(0), then a —a = —b=vy—c =9
for some §. Now ¢q(z + d,y + 0) = q(x,y) — J so the right hand side in (4.5)
is changed by multiplication with

( A1A2A3 >5
AQ 11 papi3

which equals 1 by condition (4.4).

For the uniqueness consider a vertex p and its link with vertices ¢1, ..., gs.
Ome checks directly that if the ug, A, and 3 of the A, are given, then
the relations (4.3) determine the other 3 \;,. Now beginning in the origin
and working outward we see that all A, are determined by Ao and A, gy,
k=1,2,3.

Finally we must check that these )\, actually are solutions. We do this
only for kK = 1. After plugging (4.5) into (4.3) and some obvious cancellations
we arrive at

1, =1 A—1 B—1) "
A%u?(ﬁ v)pff(ﬁw )Mg(av )Mg(aﬁ )

Now g(z + 1,y) = q(z,y) + = —y and ¢q(z — 1,y) = q(z,y) + y —x + 1, so
this reduces further to

A1 A2 A3
G 11 23
U

Now take the quotient by I'. With the notation of the symmetric pre-
sentation let o171 + a2 + 4173, t = 1,2, be generators of I' and set
e = Oét,17'1(0) + Oét’27—2<0) + Oét717'3(0).

Lemma 4.9. The character group (M'/M)* C C*3 x (C*"/C*) consists of
the solutions (4.5) under the condition (4.4) with

A=Ay =N, =1
and

Alat2—ar,3)  Blatg—ai1) Clagi—at2) _
1 Mo M3 =1

fort=1,2 and all integers A, B,C with A+ B+ C = 0.

Proof. Setting A\g = 1 corresponds to the second factor being C*"*/C*. The
first condition is clearly necessary.
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For the solution to be valid modulo I' we must have Ay v +mora+p = Ap
for all integers m; and p € vert{3,6}. Consider first

__ \TM1 \ M2
/\m1T1+m2T2 - /\m )\Tz
mimsa

(a1,2—01,3)(az2—a2,3) (a1,3—a1,1)(az3—a2,1) (a1,1—o01,2)(a21—a22)
©\ My 125) K3

= (at 20t 3)2 (Oét 3Ot 1)2 (Oét 1— 0 2)2 %mt(mtil)
'H(/h’ g T opg )
t=1

by Lemma 4.7. The two conditions in the statement imply that this expres-
sion equals 1.

Now, in general, if = a71(0) + B72(0) +~73(0) and p = a71(0) + b72(0) +
c13(0) then
(4.6) Arip = Ardp Mgﬂfv)(b%)Mgvfa)(cfa)uéafﬁ)(a*b)
by Lemma 4.7.

Let 7 = myry +maorg and A =b—c¢,B = c¢—a,C = a — b in the (4.6).
Set B;ij = o — oy ; to shorten notation. Then the factor involving the u;
in (4.6) becomes

A(m1f1,2,3+m2f2,2,3) B(mi1p1,3,1+m2623,1) C(mi1fi,1,24+m2fl2,1,2) 1
1231 Ho Hs =

by the second condition. Thus for all p, Ay, 7y 4+mare+p = Ap. Choosing my =
1, mo = 0 and vice versa gives the necessity of the second condition. O

Proposition 4.10. There is an extension
1-G — (M//M)* — G x (Zg)" — 1.
In particular |M' /M| = n?d.

Proof. Consider the projection on the first factor of C*3 x C*"~! restricted
to (M'/M)*. 1 claim the kernel is G*. Indeed, if we set p; = 1 in the
conditions of Lemma 4.9 we are left with

(1,1, Q1,2 Q1,3 Q2122023
Adgs = AJBIAGEINGES — (021 (022 \023 _ 1

Thus to prove the statement we must show that the image of the projection
is the character group of Zg X Zq X Zy q-

Consider the relations among the u; described in Lemma 4.9. There are
4 generating relations corresponding to (A, B,C) = (1,—1,0) and (0, —1,1).
We may use the standard presentation of G to compute them. They are

b b
py = psug = pipste = phtopul = 1.

It is an exercise using the algorithm for the Smith normal form to compute
that the elementary divisors on the cokernel of

0 0 c 0
(4.7) a 0 b+c b+c
0 a O b
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are (d,d,n/d). O
4.4. The cone V. Let N’ C N be the dual lattices of M C M’ and o the

dual cone of ¢V. Recall that ¢V is the positive hull of the columns of A in
Mg and that the columns of A are
Apri(p) = &kt €p € (p) — Cori(p) ~ - (p)

for k=1,2,3 and p € vert T. We will need the easily checked lemma.
Lemma 4.11. Ifi # j and O is a 7; orbit in vert T, then quo Apritg) =
|7ilej-

The matrix A has the nice property that the columns generate the rays
of 0.
Lemma 4.12. FEach column of A is a primitive generator in M for a ray
of oV, thus o¥ has 3n rays.
Proof. For each edge {p,7(p)} of T let u, -, (
(ep+ ej_k(p)). If A7 (q) is a column of A, then 0 < (A
equals 0 if and only if p = ¢ and &k =[. Thus u
1 dimensional face spanned by the column A

p) € N’ be 2(ef + €5+ €5) —
am(a) Up,ry(p)) < 4 and
€ o and it defines the

]

PTk (p)
Pk (p) :

Proposition 4.13. The cone 0¥ C My is a Gorenstein cone. It is a Cayley
cone associated to 3 lattice polytopes.

Proof. If nyv = €] +e3+¢5, then clearly (ngv, Ay 1 (g)) = 150 0" is Gorenstein
by Lemma 4.12. It is a Cayley cone by [BN08, Proposition 2.3]. O

In fact ¢¥ has a finer Cayley structure. First partition each of the sets of
type k columns {A, ;, ;) : p € vert T'} into its 74 orbits. This partitions the
set of all 3n columns into r cells where

n n n
Imil el T

Index these cells o1, ..., 0, and view Z" as the free abelian group on the o;.
Let B; be the standard basis element of R" corresponding to o0;. The orbit
0; is of type k if it is a 73 orbit of type k columns.

Now define the vectors

3
Mp = Z(eTk(P) —Cnp) pevertT.
k=1
Since
A-npyp = &t ep F eon(p) ~ E(-ri—m)(p) ~ E(-m-m)(p)
=€ tepterp ~ernp T enp

we have my, = Ay, - () — A_7, (p)p for all k =1,2,3. Thus m;, € M, so define

M" C M to be the sublattice spanned by the m,.

Let A be the support of the Gorenstein cone o

v (ngv,z) =1},

V. i.e. the polytope {x €



DEFORMATIONS OF EQUIVELAR STANLEY-REISNER ABELIAN SURFACES 17

Theorem 4.14. There is an exact sequence
0—-M'—-M-—->7Z"—0

where the last map takes A, 7, () — Bi tf Ap . (p) € 0i- This projection maps

A surjectively on the convex hull of {f,. .. ,[)’r} and therefore determines a

Cayley structure of length v on o

Proof. We must show that the application A, ) — Bi gives us a well-

defined morphism M — Z". This would follow from the following claim:

3
oD Ay =0 = S =0 i=1,...r.

k=1 pevertT Apﬁk(p)EOi

Assume > g pA, 5, ;) = 0 and that o; is of type k. We have

|7 |—1 3
0= mn(}_ D apdpnp)
m=0 =1 pevert T
7| -1
_Z Z gy Z AmTk(p ),(mTi+11)(p)

=1 pevert T

|75 -1

= aip)lile + O ip)miles + > akp Y Avr o), (ma )y (0)
m=0

by Lemma 4.11. The right hand term cannot cancel the ¢; or €; term, so

must also vanish. Reindex the orbits of type k so they are o1,...,05/7,-
Now
7|1 n/|mkl
Zak,p Z Ao mevnm = D, (D o) D Apn)
=1 Ap r (p)€0i Ap 7y (p) €0

so we must show that the {)_ 4
independent.

Let G} be the subgroup of G generated by 7 acting on Z"t!, with basis
er and ey, p € vert T', with 7 (e) = € and 7x(ep) = €4, (). Let [p] denote the
G}, orbit of p in vert T. The invariant sublattice (Z"*1)% has rank n/|7y|
and is spanned by e, and By = 3 1) €q- (If n = [73[ then of course By, =0
and (Z"t1)% is spanned by ¢y.)

Each > Apor (€01 Aprop) € (ZMTCETf A, L, () € 0i then one computes

e () €05 Ap s i i=1,...n/|mg|} is linearly

(4.8) > Agne) = Imkler + 28 = Bioro) = Bory (o)
Ag, 7y (a) €0
Now both G; and G act transitively on the set of G}, orbits of vertT by

7i([p]) = [7i(p)] and similarly for G; (see Lemma 4.1). So, after choosing
some pg € vert T and setting 7; to be the class of 7; in G /G, index the basis
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by Bip) = Bim if [p] = mTi([po]). Moreover [=7;(p)] = (7 + 7:)(p)] = [7:(p)]-
Thus, with new indices, the vectors in (4.8) become

n

|Tk‘6k_ﬁmfl+2ﬁm_ﬁm+la m =0 1

PECIREEEE) m -

(indexed cyclicly) and this is a linearly independent set.
Since my, = A, -, () — A_r, (p)p> fOr all k, they generate the kernel of M —

Z". The statement about convex hulls follows from the description of the

map. The statement about Cayley structures is again [BN08, Proposition
2.3]. O

Remark. In [BNO8| we are told how to find the r polytopes making up the
Cayley structure. The support A is the convex hull of the columns of A.
Choose some element in each o; and call it F; and a basis Fry1,..., Fnio
for M". Thus {E,..., E,+2} is a basis for M. Let E be the dual basis
and set fort=1,...,7

Aj={zeA:(x,E)=0forje{l,...,r}\{i}}.

Write Ai = A; x E; where A, is a lattice polytope in Mﬂ’é. The cone ¢V is
the Cayley cone associated to Aq,...A,.

5. DEFORMATIONS

We may pull back the family over S to the normalization S , which is
finite and generically injective over S. Thus if we are only interested in
which fibers occur, then we may as well work on S.

Let R be the local ring of Def%. In the proof of Theorem 2.2 in [AC09]
we constructed a local formal model of the versal family over DefS,. That is
a collection U, p € vert T, of affine schemes and deformations U, — Def%
of U, such that over R, = R/m" "1, the U, X pefs, Spec Ry, could be glued to
form a formal versal deformation X,, — Spec R,,. Thus if X — Def% is a
formally versal deformation, then

(X Xpefe, Spec Ry)|v, =~ Up Xpefs, Spec Ry,

as formal deformations of U,.
We may therefore apply the following application of Artin approximation.

Theorem 5.1. Let R be a local k-algebra and assume X — Spec R and
Y — Spec R are two deformations of Xy with isomorphic associated formal
deformations. Then X\ X is smooth near X if and only if Y\ Xo is smooth
near Xj.

Proof. Let x € Xy. By assumption @X@ ~ @y@, thus by the variant of
Artin approximation theorem in [Art69, Corollary 2.6], Xand Y are locally
isomorphic for the étale topology near x. O

We know the U, in detail - see [AC09, Proof of 6.10]. Label the coordinates
of P! by Tp, p € vertT. On U, denote the 6 coordinates by y,+r =
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Tir (p)/Tp, k= 1,2,3. Then U, is defined by the ideal generated by the 9
equations

YpxiYpgi T lptrpYptk k=1,2,3
ypvkyp,*k - tp,—‘ri(p)tpﬂ-j(p) k — ].7 27 3 .

(5.1)

Recall that ¢
makes sense.

Note that if the coordinates of Def$ corresponding to edges of the same
type are equated, t, ., () = tqr.(q for all p,q € vertT, the minors of the
matrices (2.1) vanish. This defines a smooth 3-dimensional subspace M of
Def%. Recall from Section 1.2 that the action of G on Def% is the same as
the action on the edges of T', i.e. g-tpq = ty . It follows immediately
that M = (Def% ).

In toric terms we may describe M this way. Consider the projection on
the first factor p; : M’ — Z3. The restriction to M is surjective and the
induced map Mr — R? maps ¢¥ and S onto the positive octant. Thus we
have a closed embedding of C3 = Spec C[Z3,,] into both Spec C[M N¢"] and
SpecC[S]. It follows that M lies in the toric component S. The inclusion
M C S is the surjection C[S] — C[Z3 ] induced by the projection p; : M —
73.

Let K be the image of M under the natural projection

M/—> {(ao,...,an_l) EZn . Zai :0}

This yields an inclusion Tx C T which corresponds to the natural (C*)™/C*
action on Def% induced by the action on X (see Section 1.2). Now T, and

p) in Def% so the last equation

po—7i(p)tp,ri (p) p,7i(p) 'p,— 7 (

p),9(q)

therefore T are subspaces of both § and S. We will need the following
easily proven lemma.

Lemma 5.2. Fvery point in Tyr is in a Tk orbit of a point in Ty N M.
In terms of deformations
Lemma 5.3. The fibers over a Ty orbit in S (or S) are isomorphic.

Proof. This probably follows from general principles since the action of Tk is
induced by exp of the Lie algebra action of H(X,©x) on T%. One sees this
directly though by noting that T'x acts as automorphisms on U, compatible
with the formal gluing (see [AC09, Proof of 6.10]). O

Theorem 5.4. The main components are the only smoothing components
of Def% and the discriminant of S is S\ Ths.

Proof. By Theorem 1.1, on a non-main component some ¢, -,y = 0. After
looking at the equations (5.1) of the local formal model we conclude that
U, will be singular, in fact reducible. But then by Theorem 5.1, X cannot
contain a smooth fiber over this component. By standard toric geometry
the same argument applies to fibers over S \ T
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It remains to show that the fibers over Th; are smooth. Consider a one
parameter sub-family over C' ¢ M C §. We may assume C' is given by
tpri(p) = bty o) = bty tp ) = ct for some a,b,c € C. Plug this into
the equations (5.1) and one sees that if abc # 0 the charts over this curve
have an isolated singularity at 0. Thus if abc # 0, Theorem 5.1 and generic
smoothness imply that X|c is a smoothing. Since it is a one-parameter
smoothing the nearby fibers will all be smooth. Thus T3y N M has only
smooth fibers, but then by Lemma 5.2 and Lemma 5.3 the same is true for

Ty ]

6. MODULI

I will construct the Heisenberg group H (g, /q) from G. After choosing an
origin in {3,6} there is a one to one correspondence G — vertT given by
7+ 7(0). As before label the coordinates of P! by x,, p € vertT.

The group G C Aut T acts on the coordinate functions by 7(z,) = x_, ()

and G* acts by o(xp) = J(Tp)_l:rp. Taken together this defines an inclusion
G®G* — PGL,(C). Now construct a Heisenberg group Hr =~ H g, /q) With
Schrodinger representation as in Section 1.5.

Lemma 6.1. A point in DefS is Hr invariant if and only if it is G invari-
ant.

Proof. The induced action of G* on Def% is trivial. In fact the proof of
Proposition 4.10 shows that G* is the kernel of (C*)" ™' — GL(Def% (Cle])).
O

Consider the Z3 C M’ spanned by €1, €2 and €3 and set M=7*NnM.
There is an exact sequence 0 — M — M — K — 0. The intersection
0¥ N Mg is the positive octant R%O since

1
%= Z Aprp) €0

pevert T

Let M = Spec C[M OR?;O] be the corresponding 3-dimensional toric variety.
If G = Z3/M then M = C3/G*. We have already seen G in Proposition
4.10 and know that as abstract group it is isomorphic to G X Zg.

I state the following lemma for lack of reference, the proof is straightfor-
ward.

Lemma 6.2. Let the cone o and the lattice N determine the affine toric
variety U,. Assume the composition of lattice maps N' — N — N" is
injective, induces an isomorphism ¢’ = 0 N Np ~ ¢” = imo C Ng and
rank N = rank N”. If K = ker[N — N"], then ker[Tn+ — Tnrv]| =Ty NTx
and it is the stabilizer of Uy C U, in Tk .

Theorem 6.3. The composition
C[M NR%y) — CIM NoV] - ClZ2)
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where the last map is induced by p1 : M — 73, is injective and realizes M
as M/G*. This identity associates an isomorphism class of Hr invariant
abelian surfaces to each point of M.

Proof. The injectivity follows from the injectivity of the composition M C
M — 7Z2. Dualizing this composition we arrive in the situation of Lemma
6.2 with N’ dual to Z3 and N” dual to M. From toric geometry it fol-
lows that G* ~ ker[Tn+ — Tnw~]. Thus by Lemma 6.2, G* is isomorphic
to the stabilizer subgroup of M in Tx. The result now follows from the
identification M = (Def%)%, Lemma 5.3 and Lemma 6.1. O

Remark. Note that M is the normalization of Spec C[S N Z3]. Theorem 6.3
seems to imply that we see the moduli space for abelian surfaces with level-
structure of type (n,n/d) as an open subset of one of these spaces. We may
at least think of them as representing the germ at a “deepest” boundary
point. This type of claim presupposes an analysis of degenerate abelian
surfaces arising from the non-polyhedral equivelar maps on the torus, which
is at the moment work in progress.

With the standard description G is the cokernel of the matrix (4.7) in
the proof of Proposition 4.10. In each particular case it is straightforward
to describe the action of G and thus the singularities of M. Here are two
examples.

Example 6.4. Consider the case where G is cyclic and one of the 7; generate
G. We may assume that this is 71, so the standard presentation is given by

G )

where 2 < b < n — 2. (Not all of these are polyhedral.) One computes that
the dual lattice,

N=Z73+7- %(b(b+1),—b,b+ 1)
so the action of G is generated by diag((fl(bﬂ),gj b ¢ty where ¢, is a
primitive n’th root of unity. This will yield an isolated quotient singularity
if and only if n is coprime to both b and b+ 1. This is true if and only if all
three 75, generate G.
The quotient singularity will be Gorenstein if and only if 1 + b+ b?> = 0
mod n, which again is equivalent to T being chiral. Indeed, if

=07

generates the 6-fold rotational symmetry in the standard description, then
T is chiral if and only if T, as translation subgroup of Aut({3,6}), is fixed
by conjugacy with p. This is again if and only if p(I') C T, when we now
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view I' as a sublattice of Z2. The latter is equivalent to

NI

being an integral matrix. The condition for this is exactly 1 4+ b + b> = 0
mod n.

Example 6.5. Consider next the case where G is presented by

(6 2)

This is polyhedral if a,c¢ > 3. In this case d = ged(a,c) and one easily
computes that M is the image of

OO0
o Qo
QOO

Thus M = Spec C[z¢, y?, 2] ~ C3.

7. THE VERTEX MINIMAL TRIANGULATION 7%

From the Euler formula v — e + f = 0 and the fact that 3f = 2e for
surface manifolds, one concludes that a triangulated torus must have at
least 7 vertices. There is exactly one such triangulation and it is equivelar.
It is sometimes called the Mobius torus, since he gave the first description in
1861. In 1949 Csazar gave the first polyhedral realization of the triangulation
in 3-space. See e.g. [BE91b| and the references therein.

Call this triangulation T7. The group G is Z7 and the standard presenta-

tion is given by
7T 2
01

so the pair of divisors is (1,7). It is chiral and the automorphism group is
the Frobenius group Fys = Z7 X Zg. The relations among the 7, are » = 471y
and T 3 = 2T 1.

It is the only polyhedral triangulation with complete edge graph, i.e. the
edge graph is the complete graph K7. The Stanley-Reisner ideal is generated
by 21 cubic monomials (see Section 3).

Since d = 1, Def% has one main component, the unique smoothing com-
ponent S.

Theorem 7.1. The cone ¥ for T; is a 9 dimensional completely split
reflexive Gorenstein cone of index 3. It is the Cayley cone over three 6-
dimensional lattice simplices.

Proof. The result follows from implementing our general results from Sec-
tion 4.4. I have done the computations in Maple using the package Convex
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000000 —1 0 00-10 0 -1 101010 0
0111110 *% 0187%7% Olf% 000000-—1
.lo01111 0 -1-10-1-1-1- .lo0 10100
Ay 000111 0 Ag 0 000 0 0 —1 Agz: 0-10000 —1
000011 0 -100-10 0 -1 0000100
000001 O —1-10-1-1 0 —1 1 01011 0
TABLE 1. The simplicies are the convex hull of the columns.

([Fra09]). Choose an origin in vertT. Since T is chiral, M is Gorenstein,
SO €1 + €3 + €3 € M. In fact

e1+exte3=Aprp) T Anp)(rtm)p) T A-ra()(rs—) () -

As a basis for M choose

By = Ao 7y (0), B2 = Arg(0),(rat73)(0)s 3 = A—15(0),(r3—72)(0)
Esvi=m@_1)r(0)

fori=1,...,6. Thus in this basis E] = € for i = 1,2, 3.

After expressing the columns of A in this basis, i.e. after turning M
into the standard Z?, one computes that ¢V is the Cayley cone over the
3 simplices in R® described in Table 1. Now plug this into the computer
program and find that o, the dual cone, has 24 rays, three of them are of
course spanned by €7, €5, €3. Moreover m, = €1 + €2 + €3 € M yields the
Gorenstein property on o. This proves the theorem. O

Corollary 7.2. The smoothing component S is the germ of a normal Goren-
stein affine toric variety.

Proof. Since o is Gorenstein, the point m, := €1 + €3+ €3 € M generates the
interior of oV, in the sense that int cNM = m,+oNM. But in this example
me is in the semigroup generated by the columns of A, so the semigroup
ring is normal. ([l

The notion of reflexive cones was introduced by Batyrev and Borisov to
study mirror symmetry for complete intersection Calabi Yau manifolds in
toric varieties. In our example, since oV is reflexive, the Minkowski sum
A = A1+ Ay + Ag will be a reflezive 6 dimensional polytope. This polytope
determines a 6 dimensional (singular) Fano variety Y. The Minkowski de-
composition gives us 3 divisors F; on Y. If we cut Y with a general section
of each of the Oy (F;) the result is a singular Calabi-Yau 3-fold and one can
now take a crepant resolution to arrive at a Calabi-Yau 3-manifold.

Maxmillian Kreuzer ran the polytope through the computer program
PALP (see [KS04]) with the following result.

Proposition 7.3. The Calabi Yau 3-manifold arising from the reflexive
cone for Ty has Hodge numbers h' = 15 and h''? = 12. In particular the
Euler number is 6.
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FiGURE 1. The two rigid tilings of the torus.

Note that if Z is the total space of the vector bundle @?:1 Oy (E;), toric
geometry tells us that there is a birational toric morphism f : (Z,Y) —
(S,0), where we identify Y as the zero section.

Remark. Since the cones associated to all equivelar triangulated tori are
Cayley cones, one could ask if more of them are reflexive. I have not been
able to prove, but do conjecture that 77 is the only polyhedral triangulation
leading to a reflexive cone. There are other non-polyhedral examples.

The versal base space in this case is defined by 21 binomials in 21 variables.
The numbers are small enough for us to be able to give the full component
structure. This was done by delicate use of the ideal quotient command in
Macaulay 2 ([GS]).

Proposition 7.4. The versal base space Def]‘fD(Tﬂ is reduced. It is the union
of 29 irreducible components. The 28 non-smoothing components are iso-

morphic to the germ of the product of the affine cone over P' x P2 C P® and
C3 or C.

When one has the ideal of the component it is in this case easy to find
the generic fiber. This will be an interesting scheme since it is a “generic”
non-smoothable degenerate abelian surface, i.e. it cannot appear in degen-
erations of smooth abelian surfaces.

The 28 components come in 4 G orbits, but 3 of these (the 8 dimensional
ones) have isomorphic generic fibers. In Figure 1 I have drawn two tilings of
the torus, P; with 1 hexagon (in black), 3 quadrangles and 2 triangles and P,
with 1 hexagon and 4 quadrangles. We can associate an embedded rational
projective surface to each polygon. A hexagon corresponds to a Del Pezzo
surface of degree 6 in P®, a quadrangle corresponds to P! x P! embedded via
the Segre embedding in P? and a triangle corresponds to P?. Now take the
union of them in P%, intersecting as in P, to make the degenerate abelian
surface Xp.
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Proposition 7.5. The generic fiber over a component of dimension 7 is
Xp, and over a component of dimension 8 it is Xp,.

Remark. 1t is probably better to think of the tilings above as periodic polyg-
onal tilings of the plane with vertices contained in the lattice of vertices of
{3,6}. Note also that I" is the full translation group of the tiling. All such
tilings can be constructed by erasing I' orbits of edges in {3,6}. I believe
that in general the generic fiber over a non-smoothing component may be
described by erasing the edges corresponding to deformation parameters
that do not vanish on the whole component. It is tempting to conjecture
that the components of the non-smoothable fiber are the projective toric
varieties associated to the {3,6} lattice polygons in the tiling.

Using this deformation theory we can find equations for Heisenberg in-
variant abelian surfaces in P. By Lemma 5.2 we need to find the family
over the smooth subspace M with three parameters uy =, -, (-

Let us first index the vertices by their 71 orbit, i.e. after fixing a vertex
{0}, {m} = {m71(0)}. Thus in cycle notation 7, = (0,1,2,3,4,5,6). Then
T9 becomes (0,4,1,5,2,6,3) and 73 is (0,2,4,6,1,3,5). The group Aut(T") =
Fyo is generated by 71 and the rotation p = (1,5,4,6,2,3). Note that p acts
on M as the permutation (u1,us, uz).

The 21 cubic monomials generating Ix are one Fjs orbit, but it is conve-
nient to partition them in 3 7 orbits since they have the nice form

T () TpTry(p) k=1,2,3 pevertT.
Note again that p permutes these 3 orbits.
The first order deformations are easily found and the first order family is

defined by the 71 orbits of
2 2 2 2 2 2
xox1Te+u2(xiTs+x2x§), Torsra+usg(rire+r125), Toraws+ul (v523+T4T5) -

Instead of lifting equations and relations to continue apply the symmetry.

The ideal must be Heisenberg invariant. In our case the action of G* is
generated by x,, — (7'@m,. Thus if ., Ty T, is a term in the perturbation
of _7, (m)TmT7,(m) We must have

mi +mg +mz = —7,(m) + m+ 7(m) mod 7.

Moreover p* = (1,6)(2,5)(3,4) fixes each T_;, (;m)TmTr, (m), 50 terms in p?
orbits in the perturbation must have the same coefficient. Finally we may
exclude terms that are in Ix. The upshot is that the family is defined by
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the orbits of
zox1x6 + Uz (235 + xoxd) 4+ Y1 (212024 + T3T5TE)
+ p1af + &1 (2123 + 2iwe) + v1 (2323 + 3423)
(7.1) zox3ry + uz(xize + x123) + Yo (T1T024 + T3T5T6)
' + oz + Ea(2azd + T323) + va(2TT5 + T27E)
zoxexs + ui(v3x3 + x428) + Y3 (x12974 + T3T526)
+ @3xp + E3(woxl + xixs) + v3(wize + x123)
where the &;, v, @;, ¥; are power series in wuq, us, u3. Thus the task becomes
to find similar expressions for lifted relations and then solving functional
equations to make the family flat.

I describe here the answer only for the one parameter deformation s =
u1 = uo = ug. In this case also ¥ = ¥y = 13 etc. so denote the common
function by 1. Let f(s) be a power series solution for the equation

SSF(8)' = s (s + 1f(9)° = (s + 1) (s = D () + (s +1)* = 0.

Proposition 7.6. The family defined by the orbits of equations (7.1) form
a flat one parameter smoothing if s = w1 = ug = us and

S () s 1) _ 2 _
p=—1= [ , E=35"f(s), V=T

Because of the symmetry only 2 relations need to be lifted. I computed
the liftings using Maple.

s'f(s)
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