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Abstract

In [Khl, Kh2, Kh3], C. Khare showed that any strictly compatible systems of
semisimple abelian mod p Galois representations of a number field arises from a
unique finite set of algebraic Hecke Characters. In this article, we consider a similar
problem for arbitrary global fields. We give a definition of Hecke character which
in the function field setting is more general than previous definitions by Goss and
Gross and define a corresponding notion of compatible system of mod p Galois
representations. In this context we present a unified proof of the analog of Khare’s
result for arbitrary global fields. In a sequel we shall apply this result to compatible
systems arising from Drinfeld modular forms, and thereby attach Hecke characters
to cuspidal Drinfeld Hecke eigenforms.

1 Introduction

In [Kh1, Kh2, Kh3], C. Khare studied compatible systems of abelian mod p Galois rep-
resentations of a number field. He showed that the semisimplification of any such arises
from a direct sum of algebraic Hecke characters, as was suggested by the framework of
motives. On the one hand, this result shows that with minimal assumptions such as only
knowing the mod p reductions, one can reconstruct a motive from an abelian compati-
ble system. On the other hand, which is also remarkable, the association of the Hecke
characters to the compatible systems is based on fairly elementary tools from algebraic
number theory. The first such association was based on deep transcendence results by
Henniart [He] and Waldschmidt [Wa] following work of Serre [Se|. They reconstruct the
Hodge-Tate weights, i.e., the infinity types of the corresponding Hecke characters from
each individual member of a strictly compatible p-adic system. Khare in turn uses every
member of the compatible system, but from each one only the information contained in
the mod p reduction.

Being based on elementary tools, the result of Khare can also justly be used to
construct rather rapidly a set of Hecke characters from a given compatible system of
abelian Galois representations. Such systems we had attached to cuspidal Drinfeld
Hecke- eigenforms in [B61] in our work on an Eichler-Shimura type isomorphism for
such forms. A natural question posed by Goss and, in different form, by Serre, cf. [Gol,
p. 414] was whether this compatible system would arise from a set of Hecke characters of
Aso-type, see also [Kh3, §3]. After studying Khare’s result, only an affirmative answer



was conceivable. However, the type of Hecke character needed seemed not present in
the literature. It turned out that the definitions by Goss [Go2], Gross [Gr| and others
were modeled too closely on the number field case for our purposes. The reason, put
simply, is that there is a unique way to embed the rational numbers QQ into any number
field, but there are a great many ways to embed the function field F,(¢) into a global
field of characteristic p, even if one preserves some notion of ‘infinite places’.

The aim of the present article is twofold. First we introduce the required type of
Hecke character that arise from the compatible systems from [B61]. Our treatment in-
cludes the usual Hecke characters (of A-type) for number fields, so that our Hecke char-
acters are indeed natural generalizations of classical ones. Relying heavily on Khare’s
methods, we then prove our central theorem, Theorem 2.20. It asserts that over any
global field there is a bijection between n-element lists of (suitably defined) algebraic
Hecke characters and (suitably defined) strictly compatibly systems of abelian semisim-
ple n-dimensional mod p Galois representations. In a sequel to the present article, [B62],
we will apply the theorem to attach a set of Hecke characters to the space of Drinfeld
cusp forms of any given weight and level.

The article is structured as follows: This introduction is followed by a subsection on
notation used throughout the article. Section 2 starts with a number of basic definitions
for global fields of any characteristic: Sets of Hodge- Tate weights, Hecke characters and
strictly compatible systems of Galois representations. We then recall how to attach such
a compatible system to any (finite list of) Hecke character(s) and we state our main
result, Theorem 2.20, which is basically the converse to this attachment.

The subsequent Section 3 collects some preparatory material for the proof. As should
not be unexpected in light of Khare’s proof, we present yet another version of the result
of Corralez-Rodriganes and Schoof. Moreover, we also need a result about the density
of fixed points of a correspondence. In the number field case, this is an easy consequence
of the Cebotarev density theorem; in the function field case our Theorem 3.4 completes
an old result of MacRae [McR] and establishes a conjecture of his. The final Section 4
gives a unified proof of the main theorem which works in the number and function field
setting.

Acknowledgments: My sincere thanks go to D. Goss and C. Khare for their inter-
est and many suggestions related to this work. I would also like to thank A. Perucca for
pointing out a mistake in a preliminary version and H. Stichtenoth for contributing the
example in Remark 3.6. Part of this work was supported by the Deutsche Forschungs-
gemeinschaft — SFB/TR 45.

1.1 Notation

A number field is a finite extension of Q. In this article, the term function field will
mean a finite extension of the field of rational functions F(¢) over some finite field F.
Global field will mean either number field or function field. For any global field F the
following notation is used:

e By E5P C E*8 we denote fixed separable and algebraic closures of E and by Gg
the absolute Galois group Gal(E*P/E).



e The set of all places of ' is denoted by Pr. By Pg we denote its archimedean
places (of which there may be none) and by Pp* its non-archimedean ones.

e For a place w € Pr we define E,, as the completion of £ at w. For w € Pz by
Og,,, or simply O,,, we denote the valuation ring of E,,, by p,, its maximal ideal,
by F,, the residue field at w and by ¢, the cardinality of F,,.

e For S C P3?* denote by Op g C E the subring {a € E |Vw € P* NS : v € Oy }.
e The ring of adeles of E is denoted by Ag, its idele group by A%.

e If F is a function field, ¢p: F — E denotes the Frobenius endomorphism = +— zP.
Over E¥8 it is an isomorphism, and so is its i-fold iterate wiEalg for any ¢ € Z. We

write go% for the restriction of go%alg to F; it maps onto EP" (C E fori>0).

From now on we fix a field characteristic p > 0, i.e., p is either a prime number or

zero. We fix a global field K of characteristic p and require further that: if p = 0 then
K = Q; if p > 0 any choice is allowed for K, moreover, in this case we also fix a place
oo € Pk, which will take the role of the distinguished infinite place of Q.
By L we will always denote a finite extension of K contained in K%. The letters
E, F will denote some global fields of characteristic p which may have no relation to
K (if p > 0). All Galois representations considered in this article will be continuous
representations of Gg or Gr and take values in GL,, over some completion or some
residue field of L. We introduce some further notation:

e Places in L above oo are called infinite places, the other ones finite places. The
set of all infinite places of L is denoted by P;° that of all finite places by Pgn.

e Forv € Pr and 0: E — L a homomorphism, voo denotes the place in Pgr under v.

e By (EX)° we denote the connected component of E, := Hwep%r E}, and by Ag)

the kernel of the degree map deg: A}, — Z for p > 0, and A%, for p = 0.

e For an effective divisor m = ). n;w; of E where no w; is real or complex, let Uy,
denote the subgroup of those elements in Hwepga OFf, which are congruent to 1
modulo m and define the strict m-class group of E as

Cly := EN\AY /(U x (E2)°).

If p =0 then Cly, & I1y/ Py, where Iy, is the group of fractional ideals of E which
are prime to m, and Py, C I, the set of principal fractional ideals which have a
generator in E* N (Uy x (EZ,)°).

e For p > 0 we write Z[1/p] for the ring of rational numbers which are integral away
from p. For p = 0 we declare for convenience that Z[1/p] := Z.

e For any m € N coprime to p we write (,, € K for a primitive m-th root of unity.

2 Basic notions and the main theorem

The aim of the present section is to formulate our main result on compatible systems of
mod p Galois representations. For this we first introduce the necessary notions, which
in the generality needed seem to be new, and we recall various well-known constructions
in our more general setting.



2.1 Hodge-Tate characters

All number fields contain the field of rational numbers Q in a canonical way. This
constitutes an important difference to the situation for function fields. There no minimal
field exists which is contained in all others. One way to obtain an analog of Q is to fix one
function field and consider only extensions of it. Embeddings between such extensions
(where here and later the term embedding is synonymous with field homomorphism)
are then required to fix the chosen base field. For our purposes this is not the correct
path to pursue, since this would deprive us of the very flexibility needed for the Hecke
characters attached to Drinfeld modular forms, cf. [B62]. Instead, we fix for all purposes
a finite set of embeddings:

Definition 2.1 A Hodge-Tate set is a finite subset ¥ C Emb(E, K8) of embeddings
o: E — K8 which we take to be Emb(E, Q¥8) for p = 0.

A set of Hodge-Tate weights (3, (ny)sex) consists of
(a) a Hodge-Tate set 3,

(b) for each o € ¥ an number n, € Z[1/p] (recall that Z[1/0] = Z for convenience).

A Hodge-Tate character is a homomorphism v : E* — (K&)* for which there
exists a set of Hodge-Tate weights (3, (ny)) such that 1 is equal to

Y= e) s B (KY8)* o H o(a)™.
oEX

In positive characteristic taking p-power roots is an automorphism of (K?)* and so
() is well-defined.

In the function field case there is no canonical a priori choice for ¥. However,
given a Hodge-Tate character 1, Proposition 2.3. will yield a canonical pair (%, (n,))
representing .

The field L' := K - [[,cx0(E) C K alg is finitely generated and algebraic over K,
and thus a finite extension of K. By L we usually denote a finite extension of K which
contains L'. If p = 0 we take for L the Galois closure L’ of E over Q. If p = 0, then any
Hodge-Tate character > (") takes its values in L, if p > 0 in LY/?" for some n € N.

Definition 2.2 A Hodge-Tate set ¥ is called Frobenius-reduced or F-reduced if
either p =0, or if p > 0 and no two elements in X differ by composition with a power
Of SOKalg .

Two Hodge-Tate sets ¥ and Y are equivalent if either p =0, or if p > 0 and if we
have the equality of sets U, cz Phas © X = Upez Phas 0 X'

Two sets of Hodge-Tate weights are called equivalent, if they define the same Hodge-
Tate character.

For p > 0, (3, (ny)) a set of Hodge-Tate weights and (e,) € Z*, define ¥’ := {9
o € ¥} and for any o' = ¢, 00 € ¥/, define nys := nep~ ¢ . Then ¢y (ne) = =" (01),
This procedure yields a canonical representative for any Hodge-Tate character:

oo |



Proposition 2.3 Any set of Hodge-Tate weights is equivalent to a unique set of Hodge-
Tate weights (X, (ny)) such that

(a) ¥ is F-reduced,
(b) if p > 0 then all exponents ny lie in Z ~\ pZ.

For this set of Hodge-Tate weights one may take L = K [[ cx,0(E) C K#s,

The unique set of Hodge-Tate weights given by the proposition for a Hodge-Tate char-
acter will be called its standard representative. Note that for p > 0 condition (b)
requires that all n, are non-zero. We do allow ¥ = & in that case.

ProOF: By the remark preceding the proposition, the only assertion which requires
proof is the uniqueness: Suppose that (X, (ny)sex) and (X', (n))sexr) are equivalent
sets of Hodge-Tate weights, that ¥ and X are F-reduced, and, if p > 0, that all n, and
n. lie in Z \ pZ. We will show that the sets agree:

For this, let ¥ be an F-reduced Hodge-Tate set equivalent to X U Y. For p > 0 set

Ping, if ¢;' oo = ¢” for some o € ¥ and 0" ¢ gp%(alg oY
o se 1 —J ' " / / " Z
W ' —p7nq,, 1f¢E'oa = o for some o €Y and 0" ¢ ., 08
7 p'ne —pinl,, if YL oo =0c" =1z’ oo’ for some o € ¥ and ¢’ € ¥’
0, otherwise

for all o” € ¥". For p = 0 set n’ := n, —n/,. Then ¢ (") = 4> (n0) (wz',(nn,))*l =1.
We need to show n,» = 0 for all ¢” € ¥£”. Consider v € P}*. Regarding v also as the
normalized valuation at v and w = v o ¢ as the valuation v o g, for o € E* we find

0=v(1) =o(@™" (@) = 3 npoo)a)= Y w@) Y nen (1)

ol e weSy o/ X w=voo”’
To deduce that the n,» are all zero, it suffices to show that
(a) Exv:={wePr|Jo#0c €Y JvePL:vooc=voo =w} has density zero.
(b) If p=0 and w € Pp* there exists a {w}-unit @ € E* which is not a unit.
(c) Ifp > 0and w # w' € Pg there exists a {w, w'}-unit &« € E* which is non-constant.

If (a)-(c) are established, we can argue as follows: For any ¢ € ¥ we have Proc” = Pg,
and so there exists w ¢ Zyy» and v € P}? such that v o 0” = w. Choosing « according
to (b) or (c), where in (c¢) we require that w’ lies not in S, formula (1) yields n,» = 0.

Assertions (b) and (c) follow from well-known formulas for the rank of the group of
S-units for the global field E: For a number field, on has rank O*E7 (w} = rank Op + 1,
for a function field one has rank O*E’{w’w,} =1>0=rank O*E’{w}.

Assertion (a) will be proved in Proposition 3.3 for p = 0 and Theorem 3.4 for p > 0.
Both results are independent of the rest of this article, and so there is no circular
reasoning. Proposition 3.3, is an application of the Cebotarov density theorem. m



2.2 Hodge-Tate sets as divisors

For p > 0 Hodge-Tate sets can be interpreted in terms of divisors: Let > be a Hodge-
Tate set and L an intermediate field for K C K®# containing o(E) for all o € X. Let
X and C, denote the smooth projective geometrically irreducible curves with function
fields E and L, respectively. Regarding the o € ¥ as morphisms C;, — X, we obtain
the reduced divisor
Dy, := U Graph(o) C X x Cf.
ceY

Conversely, let L C K alg he a finite extension of K and let D = Uie 1 DiCc X xCp
be a reduced divisor with irreducible components D;. Denote by L; the function field
of D; and by o;: F — L; the homomorphism corresponding to D; — X. For each
7 € Embp(L;, K*'8), we obtain a diagram F SN L; <, K¥& « > [, The set

»P.={ro0; : i€l reEmby(L;, K¥)}
is a Hodge-Tate set. Correspondingly, we denote the finite extension L [];c 50 6(E) of
L by LP.

Proposition 2.4 Let L C K2 be a finite extension of K. Then the assignments
Y — Dy, and D — XP define mutually inverse bijections between Hodge-Tate sets 3
such that o(E) C L for all 0 € ¥ and divisors D C X x C all of whose components
are of degree 1 over C,.

For general D, a pair (D, L) contains slightly finer information than (X2, LP). As we
shall see below, Hodge-Tate sets are more natural for a Hecke characters, while the view
point of divisors is better suited for strictly compatible systems of Galois representations.

For i € Z, let @fx denote the correspondence on X x X defined by gofE.
Definition 2.5 A reduced divisor D C X x Cp, is F-reduced if we cannot find irre-

ducible components Dy # Do of D and i € Z, such that ®5 o Dy = Do (as divisors).
Reduced divisors D, D’ are equivalent if |J;c, @ o D = J;c; P 0 D’ (as sets).

With this definition, the Hodge-Tate set £ is F-reduced if and only if D is F-reduced.
By slight abuse of notation, we also regard a divisor D C X x Cf, as the set

{(w,v) € Pg x Pr | (w,v) € D}.

1€EZ

For p = 0 and L a number field, we introduce analogous notation and call
Dy, :={(w,v) € Pg x Pr, | w|g = v|g}.

a divisor (the divisor for L). Moreover for ¥ = Emb(E, Q¥8), we set Dy, := Dy, where
L is the Galois closure of E over Q.

Definition 2.6 Let (D, L) be a pair consisting of a field L and D = Dy, for p =0 and
D a reduced divisor in X x Cp, for p > 0. For every place v of L, we set

S, =8P = {wePg | (w,v) € D} =pry (DN (Pg x {v})).

For a Hodge-Tate set X, we also write Si* for SP>, so that S = vo X.
We define Ss (= SZ) as the union of all S, where v is an infinite place of L.



The sets S, are all finite and so is So. If E' is a number field, then S, = P}, and
if v is above a prime u € Z, then S, is the set of all places of E above w.

Lemma 2.7 Suppose p > 0. If D,D' C X x Cf, are equivalent reduced divisors, then
SD = SP/. Consequently, if ¥ and X' are equivalent Hodge-Tate sets, then S = S.Z/.

The proof is left to the reader.

The set S, describes the places in Pr under a place v of L under the various o € X.
It will also be useful to have a compact notation for places of L above some w € Pg.
For any subset S C Pg, we define

Y8y :={veP,|ToeB,vooe S (2)

2.3 Algebraic Hecke characters

In this subsection, we introduce a general type of Hecke character. We shall see that in
the number field case our definition agrees with the usual one. However in the function
field setting our Hecke characters are more general than those previously considered
in [Go2] and [Gr]. In Subsection 2.6 we shall attach to any such Hecke character a
compatible system of Galois representations. Under some further hypothesis in the
function field case, we can attach at the infinite places of L some Groflencharakters as
well.

Definition 2.8 An algebraic Hecke character of F is a continuous homomorphism
x: A — (K8

for the discrete topology on K8 such that the restriction x| g~ is a Hodge- Tate character.

We say that (2, (ny)gex) is a set of Hodge-Tate weights for x, if x|g= = ™).

A place w € Pg is said to be finite for x, if the image under x of EJ (extended by
1 to all other components) is finite.

The character x is called of co-type, if Too := X1 (Sx) agrees with P$°, and if all
w € So are finite for x.

For simplicity and since no other Hecke characters occur in the main body of this
article, we shall usually use the term Hecke character instead of algebraic Hecke
character.

Remark 2.9 Suppose FE is a number field. Then K = Q, the field L is the Galois
closure of E in Q8 and we have Se = P¥ and Tn, = P = P¥. By continuity x
applied to E}, has finite order. Hence any algebraic Hecke character is of co-type.

For a number field F, the set of Hecke characters of A-type in the sense of Weil
and the algebraic Hecke characters as defined above are the same, cf. [Se, §2.4, Exer.].

Remark 2.10 Suppose F is a function field, so that p > 0. Suppose in addition that we
have chosen an embedding K < FE and have set ¥ := Emby (E, K*8) and defined L as
the Galois closure of F over K. Then, as the interested reader may verify, the definitions
of an algebraic Hecke character in [Gr, § 1] and of a Hecke character of Ayp-type in [Go2,
§ 1] are recovered by the above definition.



Remark 2.11 Since x is continuous the image of Uy is finite, where 0 denotes the trivial
divisor on E. Hence there exists an effective divisor m such that x(Un) = {1}. Clearly
x is also trivial on (E7,)°, and restricted to E* its values lie in L* or in (L'/?")* for
some n € N. Since Cly = E*\Ag)/(Um x (EX.)°) is finite, the extension field L(X(A%))))
is finite over L. By our conventions Ag) = A%, for number fields and A%}/ Ag) = Z, for
function fields, under the degree map. In either case L(x(A%,)) is a finite extension of K.

By Remark 2.11, one can find an effective divisor m of £ and an open finite index
subgroup Uy, of Hwep%r E? such that x is trivial on Uy X U,,. Similar to the classical situ-
ation, any such pair (m, Uy, ) is called a conductor of x. The maximal choice (m,, Uy ar)
in both components is called the minimal conductor of x. The two components m
and U, we call the non-archimedean and archimedean part of the conductor of y,
respectively. The group U, . always contains the connected component (E},)°.

The following goes back to Goss, cf. [Go2, p.125] and carries over to our setting:

Proposition 2.12 If K is a function field, then m, is squarefree.

PROOF: Suppose m, was not squarefree. Then there exists w € Pg such that 2[w] < m,.
The kernel of O, ~— [, is a pro-p group, and by our hypothesis on m, the image of
this group in (K?8)* is non-trivial. By continuity of y the image is a finite p-group. We
reach a contradiction, since (K?8)* contains no elements of order p. m

For later use we need to recall a simple criterion for the existence of Hecke characters
with suitable sets of Hodge-Tate weights.

Proposition 2.13 Let ¥ be an F-reduced Hodge-Tate set and let S C Pp* be finite.
There ezists a Hecke character x with set of Hodge-Tate weights (X, (ny)) and such that
X is trivial on an open finite index subgroup of [],cq Er, if and only if, the image of
the group of S-units O ¢ under > (e) s finite. In addition, if wE’(”")((’)*E) = {1},
then x can be chosen to have trivial conductor.

One implication of the proof will require the following well-known lemma whose
simple proof is left to the reader:

Lemma 2.14 Suppose G is an abelian group, H is a finite index subgroup and x: H —
(K®8)* is a character. Then there exists an extension of x to a character of G. If
moreover G is a topological group, H is an open subgroup and x is continuous, then
there exists a continuous extension.

PROOF of Proposition 2.13: Suppose first that y agrees with ¢*(") on E* and is trivial
on an open finite index subgroup of [] .¢ ;. Then x maps the intersection of Ag)
with Ug := Hwepga\s Oy, x [ pes Ery to a finite group, and so wz’("“>(02‘;,s) is finite.

For the converse, let U’ C Ug be open and consider the short exact sequence

0 — E*/(UNE*) — AD /((B5)°xU'NAD) — EN\AY /(B0 xU'nalY) — 0.



of abelian groups. By class field theory, the group on the right has finite order. By our
hypothesis, we can find U’ C Usg open and of finite index, such that > (") is trivial
on U’ N E*. By the lemma, there exists a character ¥’ extending ¢*("¢) to the middle
group. If p = 0 we are done. For p > 0 we consider the short exact sequence

0— AY /U nAD) — an/ (U naQ) X5z — 0,

which is clearly split. Therefore X" extends to a character on A%}, as desired. To see the
final assertion, note that under the hypotheses there, we may choose U’ = Upy, so that
X is trivial on E}. x Up. n

2.4 A basic formula

We will repeatedly make use of formulas similar to (1) in the proof of Proposition 2.3.
The aim of this subsection is to give an axiomatic treatment of such a formula. The
reason behind the usefulness of such a formula is that it relates a (multiplicatively
written) Z-linear combination of values of a Hecke character at Frobenius elements to
values of the underlying Hodge-Tate character on E*. So let us fix the following:

(a) A Hecke character x with set of Hodge-Tate weights (X, (ny)) such that ¥ is F-
reduced and minimal conductor (m,, Uy ar).

(b) For any w € Pp*, a uniformizer w,, of E,, and the element

T = (1,...,1, @y, 1,...,1) € Al (3)

atw

(c) If p=0, for any w € P3* an element o € E* which is a {w}-unit, but not a unit,
and such that at all places w” € Pz \ {w} the component of « lies in Uy, .

(d) If p > 0, for any w # w' € P an element o € E* which is a {w,w’}-unit, but
not a constant, and such that at all places w” € Pi* \ {w,w'} the component of
a lies in Up,, .

Without the conditions on the components at the w”, the existence of « as in (c) and (d)
was explained in the proof of Proposition 2.3. The additional condition can be achieved
by replacing « by a suitable power — for instance the exponent of the (finite) strict class
group Cly, . For the divisor of o we write nfw] if p = 0 and n(degw'[w] — degw[w]) if
p > 0, and we assume without loss of generality that n € N.

Let now v be a place of P}* as well as its normalized valuation. We adopt the same
convention for w € Pp* (the ad hoc convention in the proof of Proposition 2.3 was
different!). For a homomorphism o: E < L, the ramification index of v over w” =voo
is denoted e,/ ,. Note that the generic value of e,/ , is the inseparable degree of
o € X, and hence for p > 0 a power of p. Computing y(a) in two ways, using the Hecke
character at the z,,» and using the Hodge-Tate character on «, we obtain

X (@)™ 45 (@) Y = x(a) = [] o)™ (4)
oeY



for p > 0 and a similar but simpler formula for p = 0. Computing the v-valuation,
canceling n and sorting the right hand side according to places in Pg yields

U(X(:Uw)) = Z €v/w,o Mo (5)
gEYwoo=w
for p = 0 and
deg w/‘U(X(mw)) — degw-v(x (2w )) = deg w'- Z Cv/w,ocNo — degw- Z Cy/w' oMo (6)
gEX:woo=w geXwoo=w’
for p > 0. We have the following special cases:

Lemma 2.15 (a) IfExyr ={w € Pg|Jo # 0’ € ¥ v € Py :vooc =voo =w}
contains neither w nor w', the sums on the right contain at most one summand.

(b) If S~ ({w}) and S~ ({w'}) are disjoint, at must one of the sums is non-zero.

2.5 Strictly compatible systems

In the following L C K?# denotes a finite extension of K and D is either Dy, if p =0 or
it is a reduced divisor on X x Cr. By S C Pg and P3* C T C Pr we denote finite sets
of places. The following definition is adapted from Khare, [Kh2]:

Definition 2.16 An L-rational strictly compatible system {p,} of n-dimen-
sional mod v representations of Gg for D with defect set T" and ramification
set S consists of giving

(i) for each v € Pr, \T a continuous semisimple representation
Pu - GE - GLn(Fv)v

which is unramified outside SU SP, and
(ii) for each place w € Pr ~ S a monic polynomial f,, € L[t] of degree n,

such that for all v € Py T and for all w € Pg ~ (S USP) such that f, is v-integral:

CharPol,, (grob,) = fuw (mod py).

We say that a place w € Pg is finite for {p,} if there exists a finite extension E,
of B, such that the image of Gg; under any py is trivial

In an analogous way one defines the notion of an L-rational strictly compatible system
of n-dimensional v-adic representations of Gg for D with defect set T" and ramification
set S. We omit the precise statement of the obvious modification.

If p = 0, the defect set T" will typically be the set P#*. For p > 0 a typical T is given
in (7) below. The set S usually contains So. As we shall see below, if {p,} arises from
a Hecke character x based on a Hodge-Tate set > and if D = Dy, then S will contain
the support of the minimal conductor of .

10



2.6 Compatible systems from Hecke characters

Let x be a Hecke character, let (X, (n,)secx) be the standard set of Hodge-Tate weights
for x|g=, so that in particular ¥ is F-reduced, and let L D K be a finite extension
containing o(E) for all 0 € ¥ as well as x(A%).
Our aim is to attach to x for almost all places v € Py, a continuous abelian Galois
representation
pxw: Ge — L.

The representations p,, will form a compatible system. They are linked by the values
taken on the Frobenius elements at unramified places. Under favorable circumstances
(and always, if p = 0) we will attach a GroBencharacter xgr: A}/E* — L} of the Weil
group (or ideal class group) of E for the remaining places v € Pr. We follow [Se, §2]
and [Gr].

Let us first recall the reciprocity law from class field theory: In both, the number
and function field situation, one has a reciprocity homomorphism

rec: Al /E*(E%)° — G

In the number field case rec is an isomorphism. In the function field case, rec has
dense image and the restriction of rec to ﬁ\A(EO) is an isomorphism onto the kernel
of Gab G , where by F we denote the field of constants of . Let Frobr denote
the Frobenius automorphism on F# fixing F. Then the induced homomorphism from
Ap/ A(Eg) & 7 to Gy sends, suitably normalized, the element 1 to the topological generator
Frobp of Gf. Regarding continuous representations Gp — L} we deduce:

In the number field case, any continuous homomorphism from A% /E*(EZ)° to the
topological group L}, v € P;?, induces a continuous homomorphism Gab — L¥. In the
function field situation, we require the (necessary and sufficient) additional hypothesis
that there is an element in A%, of non-zero degree which maps to Oj,.

Define S as the union of P& and the support of the minimal conductor of x. If
K = Q, define T := P¥. If p > 0, choose places w,w’ € Pg such that ¥~} ({w}) and
“1({w'}) are disjoint, and define

T:={vePr|wegsS, and x(zy) ¢ Os} U{vePL|w &S, and x(zw) ¢ O} (7)
The definition of T in the function field case does not depend on the choice of {w,w'}:
Lemma 2.17 Suppose S, N{w,w'} = &. Then x(w) € O} < x(v') € O}.

The proof is immediate from formula (6) in Subsection 2.4, since by our hypothesis the
right hand side of (6) is zero.

Let first v be any place of L. Any o € ¥ induces a continuous homomorphism
You: By — Ly. Denoting by m, the projection A}, — Ej, we define

ny
Xv = X+ H (lpo,v o 7"1100) t AR — L.

ceY

By its very definition X, is trivial on E*. It is also trivial on those elements of Up, X Uy ar
with component 1 at all places w € S,,.
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Let now v be in P, \T. We will show that x, may be interpreted as a 1-dimensional
L,-adic Galois representation: Recall that x is continuous on A} with respect to the
discrete topology on (K®#)*. Since the characters 1), , are continuous with respect to
the v-adic topology on LZ, the character x, is continuous with respect to the adelic
topology on A% and the v-adic topology on Lj. Therefore the kernel of x, is a closed
subgroup of A%. As observed above, this kernel contains E*(E} )° and hence also its
topological closure E*(EZ%.)°. Thus y, defines a continuous homomorphism

A EX(E})° — Ly,
If E is a function field, by our choice of T there exists an idele of positive degree (either
Ty OF Tyy) whose image under x, lies in O} (either x(z,) or x(z.)). By what we
recalled about the reciprocity homomorphism of class field theory, for any global field
FE the character y, induces a continuous representation

pxw: Gg — Ly

Again by class field theory, the minimal finite prime-to-S, conductor of p, ,, is the prime-
to-S, part of m,. There can also be a contribution of the archimedean places to the
conductor. Note that by continuity, the image of the compact group Gg under p, ,
must lie in OF . At an unramified place w € Pg of py ,, one easily verifies

Py.w(Froby) = x(2w).

The following (well-known) result summarizes the properties of the {py o }:

Proposition 2.18 The familiy {py}vep,~1 forms an L-rational strictly compatible
system of 1-dimensional representations of Gg for Dy, with defect set T and ramification
set S. The corresponding family of monic degree 1 polynomials is given by

fw(t) =t —x(xy) for allw € Pg . S.
If some w € Pg if finite for x, it is finite for {py..}.

Suppose now that 3 is of co-type and let v be in Pz°. We will show that ., defines
a Groflencharakter in the sense of Hecke: We define Op as the ring of integers of F if
p = 0 and as the ring of elements of F with no poles outside S, if p > 0. For a divisor
m denote by I, the set of fractional Opg-ideals which are prime to the support of m.
Also, denote by (A%)* the ideles over Pg \ Soo, by U the intersection Uy N (AF)* and
by Eoo the product [[,cq  Fuw. Since x is of co-type, U := {z € B, | x(z) =1} is a
finite index subgroup of E

The group I, is isomorphic to the quotient of the restricted product H;U¢S £y
modulo the compact open subgroup ngéS O%,,- Extending (o) wepp~s by 1 on S\ S,
the latter quotient injects into (Ag)*/Ug’ , yielding a monomorphism

Iy = (AF)"/Us-

The right hand side injects into E*\A%,/ Ux, - Observe that by its definition the character
Xo 18 trivial on E*U,?f; . Composing the above maps defines a homomorphism

XGr,w* Imx - LZZ,
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such that for any o € E* which satisfies « =1 (mod m,) and a € Uy, the value of the
principal fractional ideal «Of under xqar, is given by:

Xaro(a0p) = xo((@, 1)) = xo((L,a™) = x((La ) [Jola™) 7 =[] o (@)™,

where pairs are considered as elements in (A%)* x EX : the computation is justified,
since a, and hence a~! lie in Us,. We have proved the following (well-known) result.

Proposition 2.19 Suppose x is of co-type. Then for each v € P:°, the character
XGrp 95 a Hecke-type Grifencharakter on Iy, such that for any w ¢ Se U S, one has
XGr,o(Pw) = X(2w), independently of v, and for all o € E* N Uy with oo =1 (mod m,):

XGr,v (aOE) = w(E,(no)) (Oé) .

2.7 Statement of the main theorem

Let x be a Hecke character of . Proposition 2.18 shows that x gives rise to an L-
rational strictly compatible abelian system {p, .} of v-adic Galois representations. As
we observed, the p, , take values in O;. Hence their reductions to I, form an L-rational
strictly compatible abelian system {p, ,} of mod v Galois representations in the sense
of Definition 2.5. Our main result states that the above construction yields all v-adic
and all mod v strictly compatible abelian systems:

Theorem 2.20 Let {p,}vep, 1 be an L-rational strictly compatible abelian system
of n-dimensional mod v representations of Gg for a reduced divisor D C Pg x Pr.
Then there exist Hecke characters (X;)i=1,..n for YL such that for all v € Prp not
above T' the mod v Galois representation of Gg attached to ©}_,x; is isomorphic to the
semisimplification p3 of py. The character list (x;)i=1,..n s unique up to permutation.

If w € Pg is finite for {p,}, then it is finite for all x;. If the set Ta, for XP agrees
with P and if all places in Sx are finite for {p,}, then all x; are of co-type.

Remark 2.21 In the number field case, the strictly compatible systems considered by
Khare and the A,-type Hecke characters in the sense of Weil are the strictly compat-
ible systems and Hecke characters we consider. Not unexpectedly, the above theorem
recovers the results of Khare, since except for some special results on function fields, we
closely follow his method of proof, cf. also Remark 2.9 and Definition 2.5.

Any v-adic compatible system gives rise to a mod v system. Since semisimple com-
patible systems with the same polynomials f,, are conjugate, the following is immediate:

Corollary 2.22 Let {p,} be an L-rational strictly compatible abelian system of n- di-
mensional v-adic representations of Gg for a reduced divisor D C Pg X Pr,. Then there
exist Hecke characters (Xi)i=1,...n for YD such that for allv € Prp not above T the mod
v Galois representation of G attached to ®i_x; is isomorphic to the semisimplifica-
tion pi¥ of py. The character list (Xi)i=1,..n 1 unique up to permutation.

If w € Py is finite for {p,}, then it is finite for all x;. If the set Tn, for XP agrees
with P;° and if all places in So are finite for {p,}, then all x; are of co-type.
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3 Preparations

3.1 On a result of Corralez-Rodriganes and Schoof

In [CRS] Corralez-Rodriganies and Schoof, and later Khare in [Kh2], consider the fol-
lowing type of question, which in some form was first posed by Erdos: Suppose G is a
finitely generated subgroup of L*, for L a number field. What can be deduced for an
element x € L* if it is known that the reduction z (mod v) (or a power of z with some
restrictions on the exponent) lies in G (mod v) for a set of places v of density 17 Is x
itself in G, is a power of z in G? Following the methods of [CRS] and [Kh2], we obtain
a slight generalization of the results proved therein for a similar type question and for
a general global field L. Via a different method, Erdés’ question (and some variants)
were also proved in [Sch].

To approach the question, choose T' so that x and G are contained in (927T. By the
Dirichlet unit theorem the units O ;» form a finitely generated abelian group whose
maximal torsion free quotient has rank #7 — 1 + #P¢". Following [CRS], [Khl] we
consider the question ‘does 2z lie in GO7",’ for infinitely many w. For u prime to p,
this question can be reformulated via Kummer theory. To apply Kummer theory, one
needs to pass from L to L((,), and hence it is important to understand the kernel of
the homomorphism

OE,T/OZ?T - OZ(@),T/OE&U),T‘ (8)

For p fu, it is shown in [CRS, Lem. 2.1] that the kernel embeds into H'(Gal(L(¢,)/L), ptu)
and that the latter group is trivial unless 4|u and {4 ¢ L. The map is given by sending
the class of an element ¢ € L* such that ¢t = s* for some s € L((,)* to the 1-cocycle
o(s)

cr: Gal(L(Cy) /L) — po, 2 0 — -~
For 4|u and (4 ¢ L one easily deduces H'(Gal(L(¢y)/L), pu) = Z/(2) from the results
of loc.cit. However, the case 4|u and (4 ¢ L is not relevant to us, since in the proofs of
our applications one may simply adjoin (4 to L if 4 divides w.

Let Ly := L(Cu, /O3 ) and H, := Gal(L,/L((y)). Then for p fu the pairing

. » h al/u
Orr/OLr X Hu = (Cu) = (a,h) — (a, h) = Eyl/u)

is perfect by Kummer theory provided that (8) is injective; here o!/* denotes any element

of L?!8 whose u-th power is a. Note that for g € Gal(L, /L) one has

_ghg7'(a'™) _ rhg !(aMY)
- al/u - ( gflal/u

(a, ghg™") ) = gl ).

Writing ¢(¢u) = ¢, we find (o, ghg™") = (a, hf). From this one deduces ghg~" = h'.
Consequently any subgroup of H, is normal in Gal(L,/L). Note also that for places
v" of L(¢,) (so that u|(gy — 1)) which are unramified for L, /L, one has a compatible
pairing

F:// Z}L X Gal(IFv/( \/ FU/)/FH/) — <Cu> : (Oé’Frobi,) — ai(qv/—l)/u'
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Let Hg, C Hp be the annihilator of G(’)E‘T/OZ?T, and let Sg’u C Pr, be the set of

places v which are totally split in Lg,, := L((,)(V/G) over L and unramified in L, /L,
i.e., those places of L for which Frob, € Gal(L,/L) is well-defined and lies in Hg 4.

Lemma 3.1 Set Gsat := {y € O] 1 | In € N: y" € G}, let the notation be as above,
assume p fu and assume (4 € L if 4u. Then the following hold:

(a) The set Sf’u has density m

(b) Suppose x1,...,x, € Oij generate a subgroup X. Then the set
{ve Sf’u | (z1,...,2,) mod v € (GOTY)™" mod v}

has density at most

1
Lo L [XGai 07 : Gsar O3]

and, if X C Ggat, has density equal to

1
Lo L] - [XGGEL : GGEe]

sat * sat

For X ¢ Ggat one deduces the following consequence, since then the image of X in the
free and finitely generated abelian group Oj ;/Gsat is non-zero: If one multiplies the
density in (b) by [Lq,, : L], the product tends to zero for u — oo.

If on the other hand X is a subset of Ggat, then the same product stays bounded
below by [G‘TltG] as u tends to oo.

PROOF: Part (a) is immediate from the Cebotarov density theorem, since H, G,u 18 normal
in Gal(L,/L). For (b), we introduce some notation: For H C H, and W C Oj /O,
we write Anng (W) C H for the set of those h € H annihilating all of W — and similarly
mod v. Then for x € O r and v € Sf’u one has the following chain of equivalences:

(z mod v) € (GOI'r mod v)
< Annmg,, ) (GO mod v) = Ann gy, ((7, G)O7'r mod v)
<= (Frob,) N Anngy, (GO71'r) = (Frob,) N Anng, ((z, G)O1'r)

vGSS’u i
<= [Frob, € Anny, ((z, G)O1"r).

For the tuple (z1,...,z,) this implies
(z1,...,2,) mod v € (GOL'7) " mod v <= Frob, € Anny, ((X,G)O1r)

Since under our hypotheses the Kummer pairing is perfect, the index of the subgroup
Anng, ((X, G)O1'7) in Anng, (GOj') is equal to the index of GO} C (X, G)O1'r.

Suppose first that X is contained in Gg,t. From the definition of Ggat, one deduces
Ggat N GOELT = GGEY. The second isomorphism theorem for groups now yields

XCGsat
XGOrr /GOy = X/(X NGO r) = X/(XNGGL) = XGGL /GGy

sat sat sat*
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An application of the Cebotarov density theorem concludes the proof of (b) in the case
X C Ggat- The argument in the general case is similar. One observes that there always
is a surjection

XGO?’LT/GO?’LT — XGsatqufT/Gsat OzlfT n

Corollary 3.2 Let G C L* be finitely generated, n in N, c1,...,cq in (L*)*™.

(a) Suppose q € N is prime to p and q > 2, and that the following set has density one
{fvePr|3je{l,....d} Je, €N coprime to q: ‘c;” € G*" mod v’}

Then there exist j € {1,...,d} and e € N such that ¢§ € G*". If q is a prime and
q > d, one can choose e coprime to q.

(b) Suppose that c; & Gy for all j € {2,...,d} and that the density of

sat
{vePr|Fe{l,....d}: ‘¢c; e G*™ mod v’}

is one. Then there exists a p-power e such that c¢§ € G*".

PRrROOF: Let T be chosen in such a way that all entries of all ¢; as well as G lie in O} .
If p is different from 2, we enlarge L to L((4); thereby G and x remain the same and all
hypotheses are preserved. For (a) let u := ¢™ for some m > 0. Since the exponents e,
in the hypothesis are all prime to ¢ the operation ¢ — ¢ on the finite group O /O,
of exponent ¢ is bijective. Therefore the sum over all j of the densities of the sets

{ve Sf’u | (¢; mod v) € ((GOE‘T)X” mod v)} 9)
is at least m Choose jg such that the density of the set is at least m

Denote by X; C G the subgroup generated by the entries of the tuple c¢;. We apply
Lemma 3.1 (b) to the X;. Since we assume m > 0, by the comment following Lemma 3.1
the set X, must be contained in Gg,. This proves the first assertion of (a). Moreover
in this case the density of the set (9) for jo is explicitly determined by Lemma 3.1 (b),
and we deduce

1 1
d = [ X5, GGG - GG

Again since m > 0, this implies that the g-primary component of X; G/G is of cardi-
nality bounded by d. This proves the remaining assertion of (a).

To prove (b), we repeat the proof of (a) for any prime g # p. Since for j = 2,...,n,
the densities of the sets (9) multiplied by [Lg , : L] are arbitrarily small, the expression

1
X,GG™ . GG ]

sat sat

must come arbitrarily close to 1. Thus the g-primary component of X;G/G has cardi-
nality one. This completes the proof. n
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3.2 On a result of MacRae

In [McR] MacRae proved a result on the density of conjugate fixed points under a
correspondence under certain hypotheses on the correspondence. He also made a precise
conjecture what the optimal set of hypothesis should be. In this section we prove this
conjecture. We begin by presenting the well-known analogue of MacRae’s conjecture in
the number field setting.

Proposition 3.3 Let p;: E — L, © = 1,2, be two distinct field homomorphisms of
number fields. Then the set {w € Pg | Jv € Pr :vop; =w =v oy} has density zero.

PRrROOF: It clearly suffices to prove the result for L the Galois closure of E over QQ, and
so we assume this from now on. By standard results of Galois theory, we may extend
the ¢; to field automorphisms ¢; € G := Gal(L/Q). Applying ¢, ! to the situation,
we can assume 1 = idy. Our hypothesis now says that 19 is not the identity on FE.
Let H := Gal(L/E) < G. We shall prove the following claim, which clearly implies the
assertion of the proposition: The set

E:={wePg|JoeG~ H,FvePr:vlies above w and o(w)}

has density zero.

Let w be a place of F/, v a place of L above w and o € G. The set of all places
above w is then H - v, that of places above o(w) is cHo ! - o(v) = oH - v. Hence
there is a place above w and o(w) simultaneously if and only if HvNoHv is non-empty.
If G, C G denotes the decomposition group at v, this is equivalent to G, intersecting
Ho H non-trivially. Therefore we have the following equivalence:

Jdo € G~ H,3v € Pr, : v lies above w and o(w) <= G, N U HoH # o.
oceGNH

Clearly | J,cq gy HoH = G~ H, and so the latter condition is equivalent to G, ¢ H, or
in other words to [Ey, : Qp,] > 1 for p,, € Pg the place below w. It remains to estimate
densities. Let r be in Ry . First observe that

#{wePp|lweE Nw)<r} = #{wePg|[Ey:Q,]>1Nw)<r}
< [E:Q] #{pePolp<Vr}

Next we have

#{w e P | Nw) <r} > #{w € Pg|py is totally split in L/Q, N(w) < r}

= [E:Q]-#{p € Pg|pis totally split in L/Q,p < r}.

By the Cebotarev density theorem, the latter set behaves asymptotically for r — oo
like [E : Q]/[L : Q] -#{p € Pg | p < r}. Gauss’ formula for the distribution of prime
numbers yields the claimed density result

#{wePp|weZ Nw)<r} —
#{w e Pp | N(w) <1} i
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To explain the function field analogue of Proposition 3.3, let us fix some notation:
Let X be a smooth projective, geometrically connected curve over the finite field F,.
Let m; : X x X — X, i = 1,2, be the canonical projections, and let D be an effective
divisor on X x X such that both projections from D to X are finite. We think of D as
a correspondence on X and define

Ep:={x € |X||3z€|D|:m(z) =z =mz2)},

where | X| is the set of closed points of X.

Using intersections on the surface X x X, one can describe =p as follows: Let
Frob: X — X be the Frobenius endomorphism relative to IF, which is given by f +— f9
on rational functions on X. Let ® be the graph of Frob® or, equivalently, the i-fold
iterate of the correspondence ® := ®!. Note that ®° is simply the diagonal Ax on
X x X. Using these powers of ®, the set Zp is the projection of U;en, D N ®° along 7
or, equivalently, along 75 from X x X to X. For i < 0 we denote by ®° the transpose
of 7%,

Theorem 3.4 Suppose that D does not contain any divisor of the form ®', i € Z. Then
Zp has density zero.

This result was conjectured in [McR], where it was proved under the following addi-
tional hypothesis: (a) D is irreducible, and (b), if m and n are the degrees of D over X
with respect to the projections m;, i = 1,2, then either m/n does not lie in q%, for q the
cardinality of the constant field of X, or m = n = 1 and D is different from Ax. The
main improvement of our result above is that it no longer imposes any restrictions on
the quotient m/n.

Decomposing D into irreducible divisors, the above theorem may be restated in terms
of global function fields. The statement is essentially that of Proposition 2.5, were in
addition one needs to assume that the ; are separable. However, the method of proof
there can not be generalized. The intersection ¢1(E) N p2(E) C L may be finite. But
even if it is infinite and thus a function field, it may happen that one cannot reduce to
a Galois theoretic situation; for instance if [L : ¢1(F)] # [L : p1(E)]. Our proof is a
simple application of intersection theory on surfaces — a heuristic argument is given in
Remark 3.5. MacRae’s proof is quite different.

PROOF of Theorem 3.4: Our aim is to give, for any r € N, a bound on the number of
points in Ep which are defined over Fyr: For a point z € | X| to be contained in Zp(Fyr)
it is necessary and sufficient that

(a) there exists i € Ny such that x € 71(D N ®%), and
(b) z € m(Ax NP").

Using (b), we may in (a) replace ® by ®**" for any ¢ € Z. (This can easily be verified
using explicit coordinates.) Thus we have

/2
Zp(Fy) C m( U »on cbi)(E).
i=[(1=r)/2]
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This gives the estimate

[r/2]
#Ep(Fyr) < D #(DNDY).
i=[(1-r)/2]

By our hypothesis all intersections D N ®, i € Z, are proper. Whence we may use the
intersection pairing on X x X to give an upper bound for #(D N ®%). As in [Ha], we
write - instead of N for this pairing, and denote by gx the genus of X.

By [Ha, Exer. V.1.10] one has ®* - ® = ¢lil(2 — 2¢x) for any i € Z. Let d; and dy
denote the degrees of D to X with respect to the projections m;, ¢ = 1,2. The degrees
of the same projections of D + ®' to X are then given by dy + 1 and dy + ¢~ %, if i < 0,
and by di + ¢* and dy + 1, if 4 > 0. In either case, the product of these two degrees is
therefore bounded by (dy + d2)(dy + da + ¢/). Applying [Ha, Exer. V.1.10], yields

2D - &' < —D? — (®")% 4 2(dy + do)(dy + dz + ¢I").

Using the above expression for (®%)2, we deduce that there is a constant ¢ € Z such that
foralli € Z A ‘
2D - &' < ¢+ ¢l!l(2(dy + do) + 2gx — 2).

Plugging this into the estimate for =p(IFgr), one finds

[r/2]
#Ep(Fs) <> (e/2+dM(d +dy+gx — 1),
i=[(1-r)/2]
cr r/2+1
< *+2(d1+d2+gx—1)q .

2

Thus clearly the upper density limsup,_, o, #=Z(F4)/q" of = is zero as asserted. m

Remark 3.5 Let us give the idea of the above proof in the simplest case X = P! and
where D is the graph of a function f/g on P! for polynomials f, g in an indeterminate ,
say of degrees dy and dp. The Fyr-valued points of Zp are the a- (or y-) coordinates
that satisfy the equations y = 27 and y = (f/g)(x) for some i € {0,1,...,r — 1} and

29" = z. Because of the latter equation, the first equation may be replaced by y? =z
if convenient. In the above proof, we consider both pairs of equations each time for 7 in
the range 0,...,[r/2]. Then y = 29 and y = (f/g)(z) leads to a polynomial equation
in = of degree at most di + ¢', while y = (f/g)(z) and y9 = x yields a polynomial
equation in y of degree at most dy + ¢*. Counting the solutions in both cases leads to
the estimate we obtained in the above proof. Had we not interchanged the role of =
and y for the i > [r/2] the estimates obtained would have been much worse - and not

sufficient to deduce the desired result.

Remark 3.6 One may wonder whether it is possible to deduce Theorem 3.4 by a proof
similar to that of Proposition 3.3. This leads to the question of whether the intersection
of any two global fields inside K®# is again a global field. The answer is in the negative
as the following example, communicated to us by H. Stichtenoth, explains:
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Let k be any field of characteristic p > 0 and consider F' := k(x), F := k(y), for
y=2P — 2, and F, := k(z), for z = 22(z — 1). Observe that the places z = 0 and = = 1
of F' both lie above the place y = 0 of F} and also above the place z = 0 of F5. We
claim that Fy N Fy is finite over k. To prove this, it suffices to assume k = k?& and
to show that I’ := F| N F, is equal to k. Assume otherwise. Then F”’ is a subfield of
F of positive transcendence degree, and hence, by Liiroth’s theorem, of the form k(w)
for some w € F' \ k. By a change of variables, we may assume that the places y = 0
of F1 and z = 0 of Fy are above the place w = 0 of F’. It is now a simple matter of
computing the ramification degrees of x = 0 and of z = 1 above w =0 via F' C F} C F
and F' C Fy, C F, to obtain a contradiction: If e; denotes the ramification degree of
y = 0 above w = 0 and if es denotes the ramification degree of z = 0 above w = 0, via
the first sequence of fields the ramification degrees of x = 0 and z = 1 above w = 0 are
both e;, wheres via the second sequence of fields they are 2eo and es, respectively; this
is impossible since we cannot have 2eo = e; = ey with ey > 0.

4 Proof of the main result

PrOOF: We may clearly replace D by an F-reduced divisor, since by Lemma 2.7 this
does not alter v — S, = SP. In § 2.2 we explained how to attach to a pair (D, L) with
D C Pg x Pr, F-reduced a pair (X7, LP) with £ an F-reduced Hodge Tate set. Since
replacing L by a finite extension yields again a strictly compatible system, we assume
that in fact L = L” and D = Dy, for an F-reduced Hodge-Tate set 3. Also there is no
loss of generality in assuming that the strictly compatible system {p,} is semisimple.

Interchangeably, we regard the p, as representations of GaEb and of A% with the
caveat that in the function field case the reciprocity map only has dense image, so that
being continuous with respect to G%b is more restrictive than with respect to A%. We
assume that the p, are given in diagonal form over some finite extension ﬁv of F,. The
support of the minimal conductor of p, is determined by the sets S and S,. In the
function field case, due to Proposition 2.12 the minimal conductor of p, is bounded by
the effective divisor [S]+[S,]. In the number field case, the most one can say is that the
minimal conductor is bounded by s,[S] + [S,] for some s, € N depending on v. Define
N to be

N:=2 [ #F,xF;).

weSNPY

Consider o € E* and denote by Div(a) = >, di[w;] its divisor and by Suppa =
{w; : i € I} its support — we assume that all d; are non-zero and that the w; € Pp?
are pairwise distinct. Suppose also that no w; lies in S U S,. For simpler notation, we
assume that S, and S are disjoint. Corresponding to the disjoint union

Pp =S, U{wi|icI}USUPp~ (SyU{w |iel}us)),

we write ideles in A}, as quadruples, and we write « for a constant tuple a. Then

1=pu((a a0, a)¥™) = po(@™, 0™, 1,1)) = pu(a™™,1,1,1)) [ ] po(Froby, )N
el
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For each place w € Pg \ .5, let L™ denote the splitting field over L of the polynomial
fw € L[t]. Let A\, = (MNiw)i=1,..n denote the roots of f,, in L" repeated according
to their multiplicity. If 7 is a permutation of {1,...,n}, then ), . denotes the tuple
(Ar(i)w)i=1,..n- Having the p, in diagonal form means, that for each v € Py, \ T and
each w € Pp ~ (S US,) at which f, is v-integral, there exists a permutation 7, , of
{1,...,n} such that p,(Frob,,) is the diagonal matrix with diagonal

A (mod U) = (ATw,v(l)y'U” cey A (n),w) (mod U).

2w, Tw,v Y Tw,v

Hence
Nsv
pola ™ 11 1) = (T[a% ) (wod ), (10)
el "
where multiplication and exponentiation is componentwise on each entry of the n-tuple.
If the p, come from an n-tuple of Hecke characters, the expression of the right
hand side of (10), without reduction modulo v, will have to agree with a power of the
associated Hodge-Tate character evaluated at «, cf. formula (4). The following is a first
approximation to this:

Lemma 4.1 Let a be in E* and let Div(a) = Y, ; di[w;] be its divisor. Define

Go = (o(a) |oex) c L* c (J] L")
el

Suppose Supp « is disjoint from S. Then there exist a tuple T = (7;)ier of permutations
of {1,...,n} and ey € N such that A\, ; =[] M satisfies

i€l 2w, T

Ca
(Xaz) " € (Ga)*™
Since T admits only finitely many choices, in the sequel, we regard e,, as independent of .

PRrROOF: Let ¢ > 2 be relatively prime to pN. Let v be any place of P, \. T such that
S, contains none of the w; and such that all f,,, are v-integral. Then by formula (10),
for any such v there exists a 7, such that

MV = py(a™N7,1,1,1))  (mod v)

—Q,T

We claim that the order of the right hand side divides the order of (G4 mod v) C F Z
Since ﬁ: is cyclic, this proves (AQV;” mod v) € ((Go)*™ mod v) for almost all v € Pr,.
The lemma then follows from Corollary 3.2(a).

To prove the claim, observe that for w € 5, we have a € O,, and p,
1 + p,. Hence the component o~V above S, as an argument of p, may be viewed as
an element of [[,cq (Ow/pw)*. For w =voo € voX =S, the units (Oy/p,)* embed
via o into Fj. It follows that the order of the tuple o in [[,cq, (Ow/puw)* is the least
common multiple of the orders of the () mod v. Since F} is cyclic the latter is the
order of G, (mod v). m

Ex is trivial on
w
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Consider v € P}?®. The polynomials f,, lie in L C L,. For instance via the Newton
polygon of f,, for v, one can see that one has well-defined values v(X\; ), i =1,...,n
By the support Supp(},,) of A, we mean the finite set of those v € P}* for which one
of these values is non-zero. It will be useful to have some information on this support:

Lemma 4.2 There exists a finite set T' C P, such that for all w ¢ S we have
Supp(},) C T UL ({w}).

PROOF: Fix wy € Pg but not in S. Let w be any place of E not in S U {wp}, and let
a € E* have support {w,wp}, i.e., divisor d[w] + do[wp] with d,dy # 0. By Lemma 4.1

we have
d d
()‘w T—woo,ro) H o 7a 7
oey
for tuples n, , € N" and permutations 7,7y of {1,...,n}. If we compute the valuation

of this expression at any v ¢ X! ({w, wo}), the right hand side is zero. It follows that

Supp(},,) C Supp(A,,) U S~ ({wo}) U S~ ({w}).

So the lemma holds with 7" := Supp(A,,,) US ™ ({wo}). u

Let Zx = {w € Pr | #¥ > #X71({w})}. By Proposition 3.3 for p = 0 and
Theorem 3.4 for p > 0, the set Zx, has density zero. For w € P\ Zx and o € X there a
unique vy o € Pr such that vy s 00 = w. For any such w we define (m,, ,)ses € (Q")*
by

m, = Ceeu) ¢ gn (11)

How,o
v o/w,o

On Q" we consider the natural permutation action by the group S,,.

Lemma 4.3 Suppose a € E* has non-empty support disjoint from Ex;UT" oY, Suppose
in addition that X~ ({w}) and X~ ({w'}) are disjoint for any w # w' in Supp(a). Then
with the notation from Lemma 4.1, for alli € I and o € 3 one has eam,,,, , € Z" and

Xee, = [ o(a) s (12)

D>

Moreover for any w,w’ in P\ (Ex U T' oY), there exists Tww' € Sn such that

Tw,w’ (m = M, VYo € X.

w,a) Noa

PROOF: Lemma 4.1 yields A5, = [[,cx o(a)® o for suitable n
valuation v of L yields

Ca Z div(Awi,n) = Z Ny 6,76 /vog,o © o(a) € Q™.

el oceY

€ 7. Applying a

—Q,0,T
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(Recall that the valuations corresponding to v and v o w are normalized.) By our
hypotheses on Supp(«a), for v = vy, » this simplifies to
eOédZ'v’LUi,O'(Awi’Tj) = evwiﬂ/wi,oﬂa,mzdi-

Canceling the d;, the first assertion follows from the definition of the m,, .

The first part yields 7;(m,, ,) = 7j(1my,, ,) Whenever w;,w; are in the support of
a. We also know that given any two places in Pz there exists « € E* whose support
consists of these two places. If we are given w,w’ in PE* \ (Ex UT' 0o %), we can find w”
in this set such that X1 ({w”}) is disjoint from the two corresponding sets for w and
w'. We now apply the first part to a,a’ € E* with support {w”,w} and {w”,w'} to
conclude the proof. m

By reindexing all A, with w € P3* \ (Ex UT’ 0 ¥), we assume from now on that we
have (m, )sex € (Q™)* such that

(My)oes = (My o )oes Y € PR N (ExUT o %)
and that each 7; fixes (m,)sex, so that all components of (all) 7 lie in
maez Stabsn (ma) - S’f’b

Note however that 7 is not redundant on the left hand side of (12).
Our next aim is to uniformly bound the exponents e, (for o as in Lemma 4.3). This
requires the following lemma:

Lemma 4.4 There exists M € N such that any root of unity contained in any of the
fields LY is of order dividing M.

PRrooF: Recall that L" is generated by the roots of the monic degree n polynomial f,.
If p > 0, write f, as gu(2zP") with g, separable, else set g, := f,. Then deg g, = n/p’
and by Galois theory, the degree of the normal closure of LY over L ist bounded by
(n/p*)!p' < n!. Tt suffices therefore to prove the following claim: For any r € N, there
exists M € N such that for all L’ D L with [L' : L] < r the roots of unity contained in
L' have order dividing M.

Suppose first p = 0 and let s := [L : Q]. For a prime p we can have (, € L’ only if
rs > p—1, and we can have (, € L’ only if rs > p'~!. Thus M = Hpgmﬂp[lng(”)Hl
works. For p > 0 denote by s the degree of the constant field of L over its prime field
Fp. If ¢; lies in L', we must have

P2 1) 2 Fp(Q) ) > -

1
[Fy(C) : Fy] = ~ min{k € N | I divides p* — 1},

Hence [ divides M :=[[}2,(p" —1). n

23



Lemma 4.5 There exists e € N such that em, € Z" for all o and such that for all
a € E* satisfying the hypotheses of Lemma 4.3 and all T as in Lemma 4.1, one has

X, = [ o). (13)

oceY

In particular, the expression on the left is independent of the possible T provided by
Lemma 4.1

PROOF: Let M be as in the previous lemma and let € € N be such that em, € Z™ for
all o € ¥. Raising (12) to the power é/e, yields

Afx,z = Ca,r H o)™

oceY

for some root of unity (o r which depends on a and 7. The left hand side lies in LY.
After division by (nr, the right hand side lies in L. Hence by the previous lemma
Zv\/,[z = 1. Defining e = M¢, the lemma is established. n

Lemma 4.6 For allv ¢ T the divisor [S,] is a conductor for p with e as in Lemma 4.5.
In particular there ezists s € N, independently of v, such that s[S]+ [S,] is a conductor

for py.

PRrOOF: The second assertion is immediate from the first — and for p > 0 it follows
independently and much simpler from Proposition 2.12. To prove the first assertion,
consider the n-tuple of characters

B (K99 5 T] o(9) e,

oeY

Fix any « as in Lemma 4.3. Lemma 4.5 yields ¢ (a) = (af) for all § with trivial
divisor, i.e. 8 € OF,. Hence by Proposition 2.13 all components of 1) extend to a Hecke
character with trivial conductor. N

Let {p/} be the strictly compatible system of mod v Galois representations associated
to 1. By construction of p!, Lemma 4.5 implies that for any o € E* satisfying the
hypotheses of this lemma, the matrices p¢(a) and p!(a) are conjugate. Let m be a
divisor which is a common conductor for p! and p. Since Zp has density zero, ideles a
for o as in Lemma 4.5 generate the kernel of the canonical homomorphism Cl,, — Clg.
Hence the restrictions of p and p! to this kernel are conjugate. We deduce that they
have the same conductor. By construction, [S,] is a finite conductor of p!, and the proof

is complete. n
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Lemma 4.7 The tuples m, lie in Z[1/p]™.

PROOF: Suppose « satisfies the hypotheses of Lemma 4.3 and in addition the condition
a = 1 modulo the conductor s[S]. For such «, formula (10) holds with s, = 0. Raising
(10) to the power e, as in the proof of Lemma 4.1 we deduce that

{vePr\T |3z : A%, mod v e (G5)"" mod v}

—o,T

has density one in P;. On the other hand, it is a consequence of Lemma 4.5 that for
an arbitrary 7', either Ay, , = Af, ;, or A;, .+ does not lie in (Go)gt- We deduce from

Corollary 3.2 that there is a p-power €’ such that
(250 € (G

Computing m,, via (11) yields ee'm, € ﬁ(eZ”). Since for generic w the index

€p.0 /w0 15 the degree of inseparability of o: E' — L, and thus a p-power, the assertion
follows. n

We now complete the proof of Theorem 2.20:

We partition {1,...,n} into sets My, ..., My, such that whenever 7,4 are in the same
M;, the tuples (Mg i)oex and (Mg ir)sex agree, and if they are in different M;, they do
not agree. As in the proof of Lemma 4.6, we can apply Proposition 2.13 to obtain Hecke
characters x;, j = 1,...,t, with x; having set of Hodge-Tate weights given by (m¢,;)sex
for any i € M;.

Define {p} to be the strictly compatible system attached to the sum of Hecke

characters @z-:l(xj)#Mj. Let m be a common conductor for all x; which moreover

satisfies s[S] < m. Restricted to the closed subgroup of G2 that is defined as the image
of E*Un(FE},)°, this system is isomorphic to {p},} by the Cebotarov density theorem.
(Both systems have the same traces on all w not in Zp UT” 0 X.) Arranging the matrix
representations of the p, suitably, we may assume that the restrictions are equal. Hence
the system {p,} can be written simultaneously as a direct sum of strictly compatible
systems of sizes #M;, j =1,...,t. (At this point we may have to enlarge T' by finitely
many v € Pr.)

Thus it suffices to continue the proof for one of these systems. By twisting by the
inverse of x;j, we may furthermore assume that all m, are identically zero, so that the
pv are representations of H := E*\A%},/Un(E},.)°. In the number field case the latter is
a finite group, and as explained in [Kh2], a result by Deligne and Serre, c.f. [DS, §8],
then implies that the system {p,} arises from an Artin representation pg. Finally any
abelian Artin representation arises from a direct sum of characters of some strict m-class
group and thus from a direct sum of Hecke characters.

Suppose from now on that F is a function field and let h be the exponent of its strict
class group Clg. Fix wy € Pg ~ Ep such that ¥~!(wp) is disjoint from 7’. Let w be
any other place with these properties and such that ¥~!(w) is disjoint from X! (wp)
— thus we only exclude places in a set of density zero. By the definition of h, we can
find « € E* with divisor h(degw[wy] — deg wo[w]). Then by Lemma 4.5 we can find a
permutation 7 of {1,...,n} such that

hedegwo __ yhedegw
AUJ,T - Awo .
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After yet again enlarging 7" by a finite amount, we can uniquely partition the represen-
tations p, into a direct sum @;p,; of subrepresentations p,; with dim p, ; independent
of v, such that

(a) there is a bijection between the indices ¢ and the different eigenvalues \; of Aﬁfg
(b) dim p,; is the multiplicity of A¢".
(c) pm(Frobe]f)) = A" (mod v).

There are obvious characters on (Frob,,,) C H mapping Frob,,, to A;. By Lemma 2.14,
we may extend them to Hecke characters x; with Hodge-Tate weight 0, i.e., with ¥ = &.
Twisting p,; by Xi_l, and restricting our attention to a single 7, we may assume that
the strictly compatible system {p,} is trivial when restricted to <Frobfvlz>.

Since the p, are semisimple and abelian, they all factor via the maximal quotient of
H/ <Frobflf(‘)) of order prime to p. Let A’ be its exponent. Then all A% reduce to 1 at
almost all places v. Thus all A, lie in (F&'8)*. Therefore reduction mod v is the identity
on these, and so under this identification all p, are the same representation. This is
a semisimple Artin representation pg which is a representation of some strict m-class
group and hence a direct sum of Hecke characters.

At this point we have left aside finitely many exceptional v € Py, which were not
in the original set T'. For these v note that if we have two strictly compatible systems
which are conjugate for almost all v, then they are conjugate for all v at which they are
defined. This completes the proof of the main assertion of Theorem 2.20.

The remaining assertions of Theorem 2.20 are rather obvious, since if some place w
is finite for {py v}, it is so for x. A similar comment applies to being of co-type. u
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